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Abstract. We study meromorphic jacobian pairs, i.e., pairs of polynomials in 
one variable, with coefficients meromorphic series in a second variable, whose 
jacobian relative to the two variables depends only on the second variable. We 
pose two meromorphic jacobian conjectures about such pairs one of which is 
in terms of an invariant of the pair which we call the beta invariant. These 
conjectures are shown to imply the bivariate algebraic jacobian conjecture 
which predicts that two bivariate polynomials generate the polynomial ring if 
their jacobian is a nonzero constant. Actually we define the beta invariant for 
any two meromorphic curves, i.e., polynomials in one variable with coefficients 
which are meromorphic series in another variable. One of our basic techniques 
is the beta-jacobian identity which relates the beta invariant to the jacobian of 
the meromorphic curves. When the pair of meromorphic curves consists of a 
curve and its derivative, the beta invariant is reduced to the beta-bar invariant 
of the curve, and the beta-jacobian identity is reduced to the betabar-derivative 
identity. When the curve is analytic, i.e., given by a bivariate power series, the 
betabar-derivative identity gives rise to the conductor-derivative identity which 
is related to Dedckind's formula expressing the derivative ideal as a product of 
the conductor and the different. In turn, when the curve is algebraic, i.e., when 
the power series is a bivariate polynomial, the betabar-derivative identity gives 
rise to the betabar-genus identity which connects the betabar invariant of the 
curve to its genus. In the complex case the betabar invariant is related to the 
rank of the first homology group and the numbers of Milnor and Tjurina. As 
another technique for studying the jacobian conjectures we revisit the Newton 
polygon. 



Section 1: Introduction 

Let F = F(X,Y) and G = G(X,Y) be meromorphic curves, i.e., let F and G 
be members of R = k((X))\Y] — the polynomial ring in Y over the meromorphic 
series field k((X)) where k is an algebraically closed field of characteristic zero. We 
want to study the jacobian J(F,G) = FxGy — FyGx of F and G relative to X 
and Y where subscripts indicate partial derivatives. To do this we shall consider 
factors of F in F$ = the set of all irreducible monic polynomials (of positive degree) 



in Y over k{(X)). In general we shall use the terminology of |AAl] and [AA2 
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int(F,G) = < 



Let 

N = dcg Y F 

and note that: if F ^ then N is a nonnegative integer, and if F = then 
TV = -co. Let F = F Q (X) E k((X)) be defined by saying that if F = then 
F = 0, and if F ^ then F = the coefficient of in F. We say that F is 
fc-monic to mean that ^ F E k. We can write 

F = F Yl Fj where Fj = Fj(X, Y) E $ with deg Y Fj = Nj 

1<3<X(F) 

for 1 < j < y(F), an d X{F) IS a nonnegative integer with: x{F) > O N > 0. We 
call x(^) the branch number of F. For any integer v > which is divisible by 
Ni,. . . , N x / F j, by Newton's Theorem we can write 

f(x v ,y) = f (X") J] with zi(x)ek((X)) 

l<i<N 

for 1 < i < N, and upon letting 

M = dcg y G 

we define the intersection multiplicity of F with G by putting 

f f ord^opn + (1/!/) Eti ordxG(X", if # G 

if F = 0^Ge/fi((X)) orG = 0^Fe/c((X)) 
oo if F = 0^G^fc((X)) orG = 0^F^fc((X)) 
,oo ifF = = G 

and by noting that this is independent of the choice of v. We follow the convention 
that a sum of a finite number of quantities is oo if each of them is either a real 
number or oo and at least one of them is oo. Moreover the product of oo and 
a positive real number is oo. Also the sum of an empty family is zero, and the 
product of an empty family is one. Note that if FG ^ then 

int(F, G) = ordx (Rosy (F, G)) 

where Resy (F, G) is the F-resultant of F and G, and hence always 

int(F, G) = int(G, F) = an integer or oo. 

We define GCD(_F, G) = 1 to mean that int(F, G) ^ oo and we note that then 

'either F ^ ^ G and G g F 3 R for 1 < j < X {F), 
or F = 0^G E k((X)), 
or G = 0^ F E k((X)). 

For a moment suppose that F E R^; then for 1 < i < N we have int(F, G) = 
ord x G{X u , Zi {X)) and: mt(F,G) > ord x {G(X v , z t {X)) — A) > for some 
A E k; note that if this A exists then it is unique and is independent of i as well as 
v, and we call it the residue of G at F and denote it by res(F, G); also note that 
the said A, if it exists, can also be characterized as the unique element of k such 
that int(F, G - A) > 0; if int(F, G) < then we put res(F, G) = oo. Thus 

'if F E then A = rcs(F, G) E k U {oo} is such that: 
< A = oo int(F, G) < 0, and 
\Ek int(F, G) > & int(F, G - A) > 0. 



GCD(F, G) = 1 ^ < 
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In the general case of F e R, for any A € k we define the A-alpha invariant of 
G relative to F and the A-beta invariant of G relative to F by putting 

a x (F, G) = {j:l< j < X (F) with res(Fj,G) = A} 

and 

0x(F,G) = ™t(Fj,G-\) 

j£ax(F,G) 

respectively and we define the alpha invariant of G relative to F and the beta 
invariant of G relative to F by putting 

a(F,G) = {\Ek:a x {F,G)^Q)} 

and 

0(F,G) = Yl WFG) 

0#AGa(F,G) 

respectively. 

Note that although the invariant ct\(F,G) depends on the way the factors Fj 
of F are labelled, the other three invariants do not. We could have avoided this 
dependence by defining a\(F,G) to be the obvious effective divisor of R, where 
by an effective divisor of R we mean a nonnegative-integer-valued map of with 
finite support. We would have then started by associating to F the effective divisor 
Fd which sends any $ e R* to the number of j with 1 < j < x(F) for which 
F } ■ = $, and so on. 

Note that for any A e k we have 

M < X(F) < oo 
where | | denote size (= cardinality) and 

(3\(F, G) is a nonnegative integer or oo such that: 
< 0x(F, G) = a x {F, G) = 0, and 
k 0x(F, G) = oo^G-Ae F 3 R for some j 6 a x (F, G). 

Moreover 

a(F, G) = {A e k : res(Fj,G) = A for some j} 

and hence 

\a(F, G)\ < X (F) - \{j :l<j< x(F) with int(F J; G) < 0}| < ex. 

and 

0(F, G) is a nonnegative integer or oo such that: 
< 0(F, G) = ^ a(F, G) C {0}, and 

fl{F, G) = oooG-Ae FjR for some ^ A G a(F, G) and j G a A (F, G). 
Defining the minimal-intersection of i 7, with G by putting 

minint(F, G) = min Me/ tint(F, G — fx) 
(where min stands for gib = greatest lower bound) we see that 

minint(F, G) = an integer or oo, 
and: minint(F, G) = oo^F = Q^G^ k((X)) 
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and 



and 



a(F, G) = {A G k : int(F, G - A) > minint(F, G)} 
= {A e fc : int(F, G - A) ^ mimnt(F, G)} 



G) = ^ [int(F, G - A) - minint(F, G)] 

0#AGa(F,G) 

= a nonnegative integer or oo. 

By a relative irregular value of G (on F) we mean an element of a(F, G). We 
call a(F, G) the relative irregular value set of G (on F), and we call a>(F, G) the 
relative irregular A-label set of G (on F). We call (3(F, G) the relative excess 
intersection of G (on F), and we call (3\(F, G) the relative excess intersection 

of G (on F) at A. [We may think of the a\'s, with A ^ 0, as branches of F 
close to G, each of them giving a residue which when subtracted from G gives a 
higher intersection multiplicity, and the /3's are the sums of these higher intersection 
multiplicities.] 

For any A G k we put 

and 

P X (F)=(3 X (F Y ,F) 

and call these the A-alphabar invariant of F and the A-betabar invariant of F 

respectively. Also we put 

a(F) = a{F Y ,F) 

and 

P(F)=0(F Y ,F) 

and call these the alphabar invariant of F and the betabar invariant of F 
respectively. By an irregular value of F we mean an element of a(F). We call 
a(F) the irregular value set of F, and we call a\(F) the irregular A-label set 
of F. We call /3(F) the excess intersection of F, and we call (3 X (F) the excess 



a x (F)=a x (F Y ,F) 



intersection of F at A. The objects a(F) and (3(F) were considered in |Ass] where 
they were denoted by 1(F) and Ap respectively. 

In Section 2 we shall prove an identity for (3(F, G) involving int(F, J(F, G)) which 
we call the beta-jacobian identity, and from this we shall deduce an identity for 
(3(F,G) involving int(F, F Y ) which we call the beta-derivative identity, and in 
turn from this we shall deduce an identity for (3(F) involving int(F, F Y ) which we 



call the betabar-derivative identity and which was directly proved in [ Ass | . 

The beta-jacobian identity gives a geometric characterization of the beta invari- 
ant without digging into the branch structure. The beta-derivative identity says 
that if G has a special relationship with F then the beta-invariant has a simpler 
expression than the one given by the beta-jacobian identity. 

In Sections 3 and 4 we shall deduce further corollaries of the beta-jacobian iden- 
tity for analytic curves (given by power series in X, Y) and algebraic curves (given 
by polynomials in X, Y) respectively. In Sections 5 and 6 we shall consider curves 
with no irregular value and one irregular value respectively. In Section 7 we shall 
make two meromorphic jacobian conjectures and indicate how they imply the usual 
bivariate algebraic jacobian conjecture, which predicts that if F and G are alge- 
braic curves, i.e., if they are members of the bivariate polynomial ring k[X, Y], 
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then: 7^ J(F, G) G k k[X, Y] = k[F, G]; note that the implication is obvious 
since it follows by the chain rule for jacobians. In Section 8 we shall settle some 
cases of the first meromorphic jacobian conjecture. In Sections 9 and 10, as a tool 
for studying the second meromorphic jacobian conjecture, we shall revisit the New- 
ton Polygon. In particular we shall prove a parallelness property for the Newton 
Polygons of two meromorphic curves whose jacobian depends only on one of the 
variables. In Section 11 we shall relate some of the invariants studied in Sections 1 
to 6 with homology rank and the numbers of Milnor and Tjurina. 

It is a pleasure to thank Avinash Sathaye for many stimulating conversations 
about the material of this paper. 

Section 2: The beta-jacobian identity 

Let E be the square free part of F G R, i.e., in the notation of Section 1, E = 
^0 Ili<t<6(F) ^o(») wnere a (l)i . . . , a(b(F)) are distinct integers amongst 1, . . . , x{F) 
such that F a (y\, . . . , -F (&(f)) are all the distinct elements amongst F\,..., F x rpy, let 
us call E the radical of F and denote it by rad(-F). Recall that for G G R we have: 
GCD(F, G) = l« int(F, G) ^ 00. Now if F ^ then clearly: GCD(F, F Y ) = 1 
rad(_F) = F. Using these concepts, we shall now prove: 

The beta-jacobian identity (2.1). Let F G R be k-monic of Y -degree N , and 
letG G R be such that GCD(F, G - c) = 1 for all c G k. Then for E = rad(F) we 
have 

mt(F, J(E, G)) = int(F, G) + mt(F, E Y ) - N + (3(F, G) 
where each term is an integer. 

PROOF. For N = this is obvious because each term is reduced to 0. For a mo- 
ment suppose N = 1. Then E(X, Y) = F(X, Y) = F Q (Y - z{X)) with ^ F Q G k 
andz(X) e k((X)). Clearly J(E, G) = -F z x (X)G Y (X,Y) - F G X (X,Y) and by 
substituting z(X) for Y in the Right Hand Side of this equation it becomes equal to 
-FqH x {X) where H(X) = G(X, z(X)). Therefore int(F, J(E, G)) = oyA x H x {X). 
Also obviously int(F,G) = ovd x H(X) and mt(F,E Y ) = 0. If ord x H(X) ^ 
then f3(F, G) ==_0 = orA x H x {X) - ord x H(X) + L_and if oid x H{X) =_0 then 
H(X) = A + H(X) where ^ A_e k and ^ H(X) G k[[X]] with H(0) = 
and hence again (3(F, G) = ovd x H{X) = ord x H x (X) - ord x H(X) + 1. Thus 
always [3(F, G) = ord x H x {X) - ord x H(X) + 1 and hence int(F, J{E, G)) = 
int(F, G) + int(F, E Y ) - N + j3{F, G) where each term is an integer. 

To prove the general case, let the notation be as in Section 1. Let E = E(X, Y) = 
E(X V ) and F = F(X,Y) = F{X V ) and G = G{X,Y) = G(X U ). Let F = F and 
N = 0, and for 1 < i < N let F; = Fi(X,Y) = Y - Zi (X) and N, t = 1. Let 
{u(l, 1), . . . , u(l, v(l))}, . . . , {u(w, 1), . . . , u(w, v(w))} be a partition of {0, . . . , N} 
into disjoint nonempty subsets such that f^nn, . . . , F u f w ^ are exactly all the 

distinct elements amongst F , . . . ,F X , and for all i,j,f we have F u ^^ = F u ^jiy 
Then 

f= n n and ^= n 

l<i<w l<j<v(i) l<i<w 
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By the above two cases we see that for 1 < i < w and 1 < j < v(i) we have 

int(F„ (iij) , J(F u ( iA) ,G)) =mt(F u ( id) ,G) + int(F u(lj) , F u(i;1)r ) 

- N u{i,j) + P{F u (i,j) ! G) 

where each term is an integer. Adding int(F M ( i .j), E/F u ^ it ^) to both sides of the 
above equation, and noting that by various product rules and such we have 

in-t(F u (ij) i E/ F u(i 4) ) + int(F„(j j) , J (-F u (j,i) , G)) 

= mt(F u(lj) , (E/F u{itl) )J(F u{iA) , G)) 

= int I F u ( it fi , E {E/F U ^)J{F U ^^, G) 

\ 0<«' <w with i'^i 



and 



= int(F u(ij - ) , J(£,G)) 

mt(F„( ii . ( -),.E/.F„( ii i)) + mt(F u ( it fi,F u ( itl ) Y ) 
= mt(F u (ij), {E/F u ( iA ))F u ( iA ) Y ) 

= int I F u (ij) , E {E/F u (^i))F u (i, A)Y 

\ Q<i'<w with i'=ii 

= in.t(F u ( itj ),E Y ), 

mt{F u{iJ) , J(E, G)) =mt{F u{iJ) , G) + int(F u(i tj) , E Y ) 
- N u(i,j) + P{F u (i,j),G) 
where each term is an integer. Summing the above equation over 1 < i < w and 
1 < j < v (i), and noting that 

E E ^(F u{iJ) ,J(E,G))=mt(F,J(E,G)) 

l<i<w l<j<v(i) 



we get 



and 



and 



and 



and 



we get 



E E int(F uW)) G)=int(F,G) 

l<i<w l<j<v(i) 

E E mt(F u(iij) ,^y) =mt(F,E Y ) 

l<i<w l<j<v(i) 

E E ^u(i, j) = N 

l<i<w l<j<v(i) 

E E 0{FuW),G) = 0{F,G), 

l<i<w l<j<v(i) 

mt(F, J(E, G)) = int(F, G) + int(F, E Y ) - N + (3(F, G) 
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where each term is an integer. Now the desired identity follows from the above 
equation by noting that clearly 

int(F, G) = int(F, G)v and int(F, E Y ) = int(F, E Y )v 

and 

(3{F,G)=(3{F,G)v 

and, upon letting J(X, Y) be obtained by substituting X v for X in the expression 
of J(E, G) as a member of k((X))[Y], by the chain rule for jacobians we have 

J(E, G) = J(X, Y)J(X», Y) = J(X, Y)vX v - Y 

and hence 

int(F, J{E, G)) = int(F, J(E, G))v + N(v - 1). 
Now we shall deduce: 



The beta-derivative identity (2.2). Let F G R be k-monic of Y -degree N, 
and let G G R be such that GCD(_F, G — c) = 1 for all c G k and, in the notation of 
Section 1, Gy G FjR for 1 < j < x{F)- Then we have 

int(F, G x ) = int(F, G) — N + f3(F, G) 

where each term is an integer. 

PROOF. Let E = rad(F) and recall that J(E,G) = E X G Y - E Y G X ; since by 
assumption Gy G F^R for 1 < j < x{F), wc get int(F, J(E, G)) = int(F,E Y ) + 
int(F, Gx)', therefore the beta-derivative indentity follows by subtracting int(F, Ey) 
from both sides of the beta-jacobian identity. 



Next we shall deduce: 



The betabar-derivative identity (2.3). Let F G R be k-monic of Y -degree 
N > with GCD(F y , F - c) = 1 for all cek. Then we have 

mt(F x ,F Y ) = int(F, F Y ) - N + 1 + /3(F) 

where each term is an integer. 

PROOF. This follows by taking (F Y ,F) for (F, G) in the beta-derivative identity. 

Remark (2.4). Let the notation be as in Section 1, with F and G in R. 
Note that for generic A G k, i.e., for all except a finite number of A G k we have 

mt(Fj, G - A) <0for all j. 

This motivates calling G generic (relative to F) to mean that 

int(Fj, G) < for all j. 

It is clear that 

(2.4.1) G — A is generic for almost all A G k 
(where almost all means for all except a finite number of) and 

(2.4.2) G is generic int(F, G) = minint(F, G) 
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and 

(2.4.3) G generic <S> int(F, G) = minint(F, G) & g a(F, G) 
and 

(2.4.4) G generic /3(F, G) = ^[int(F, G - A) - int(F, G)] 

AGfc 

which motivates calling /3(F, G) the relative excess intersection of G. 

Section 3: The conductor-derivative formula 

Let Ro = k[[X,Y]]. We say that F = F(X,Y) e R is fc-distinguished if 
it is /c-monic of F-degree N and, for < i < N, the coefficient of Y % in it has 
positive X-order; note that then ^ F E R and: N > ^> F(0, 0) = 0. For 
any ^ F = F(X,Y) e R with F(0,0) = 0, we let B(F) = R /(FR ) and call 
it the local ring of F; clearly B(F) is a one-dimensional local ring. Recall that 
the conductor G of a ring B is the largest ideal in B which remains an ideal in the 
integral closure B* of B in its total quotient ring; the length of G is the maximum 
length n of strictly increasing chains of ideals G = Go < C\ < ■ ■ ■ < C n C B in B: 
if there is no maximum we take the length to be oo; otherwise it is a nonnegative 
integer; note that n = 0^C = B^B = B*. ForO^F = F(X, Y) e R with 
F(0, 0) = we let 6(F) denote the length of the conductor of B(F) and call it the 
conductor-length of F; note that if F is fc-distinguished with ra,d(F) = F then 
6(F) is a nonnegative integer. 

We shall now prove two lemmas and then we shall prove the conductor-derivative 
formula. 

Lemma (3.1). Let F = F(X,Y) e Rq be k- distinguished of Y -degree N > 
and let G = G(X, Y) e R be such that G(0, 0) = 0. Then a(F, G) C {0} and 
0(F,G)=O. 

PROOF. In the notation of Section 1, F distinguished Zi(X) G k[[X]] with 
Zi(0) = for 1 < i < N, and hence a(F, G) C {0} and therefore 0(F, G) = 0. 

Lemma (3.2). Let F = F(X,Y) e Rq be k- distinguished of Y -degree N > 0. 
Then a(F) C {0} and 0(F) = 0. 

PROOF. Follows from (3.1). 

The conductor-derivative formula (3.3). Let F € Ro be k- distinguished of 
Y -degree N > with rad(F) = F. Then 

(3.3.1) int(Fx,F Y ) = mt(F,F Y )-N + l 
and 

(3.3.2) int(F, F Y )-N + 1 = 26(F) - X (F) + 1 
and 

(3.3.3) mt(F x ,F Y ) = 26(F) - X (F) + 1 
where all the terms in the above three equations are integers. 
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PROOF. In view of (3.2), the first equation follows from the betabar-derivative 
identity. The second equation follows from Dedekind's Theorem; see pages 65 and 



150 of [Ab4|. The third equation follows from the first two. 

Section 4: The affine beta-jacobian identity 

Let i?2 be the affine coordinate ring of the affine plane over k, i.e., let i?2 be the 
polynomial ring k[X, Y], and note that then 

R 2 = k[X,Y] cK[[X]][Y]=R nRcK{{X)){(Y)). 

We are particularly interested in the case when F(X, Y) = /(X^ 1 , Y) with f(X, Y) 
in i?2; when this is so we shall say that F is the meromorphic associate of / 
or / is the polynomial associate of F, and we indicate it by writing F ~ m / or 
/ - p F. Likewise when F(X,Y) = /(Z _1 ,y) and G(X, Y) = g(X~ 1 ,Y) we shall 
indicate it by writing (F, G) ~ m (/, g) or (/, g) ~ p (F, G). 

Referring for details to Appendix I of Abhyankar's Montreal Lecture Notes [ Abl| 



and Lectures 5 to 19 of Abhyankar's Engineering Book |Ab4], let us review some 
definitions and facts about the intersection multiplicity int(/, g; A) of two plane 
curves / and g in the affine plane A = k 2 over k, i.e., of two members / = f(X, Y) 
and g = g(X, Y) of i?2- Let 

N = d eg(x,Y)f and M = deg (x Y) g 

where deg(x,y)/ denotes the (X, F)-degree of /, i.e., the total degree of /; note 
that N is a nonnegative integer or — oo according as / ^ or / = 0. Let us 
write gcd(/, <?) = 1 or gcd(/, g) 1 according as the curves / and g do not or 
do have a common component, i.e., according as the polynomials / and g do 
not or do have a nonconstant (= not belonging to k) common factor in i?2- If 
gcd(/,<?) 7^ 1 then we put mt(f,g;A) = oo. If gcd(/,<?) = 1 then the curves / and 
g have a finite number of common points Qi = (ui,Vi) for 1 < i < n in A, i.e., 
f(iti,Vi) = = g(ui,Vi) for 1 < i < n, and we put 



int(f,g;A) = ^ mt(f,g;Qi 



l<i<n 

where for any Q = (u, v) G A we define the intersection multiplicity int(/, g; Q) 
of / and g at Q thus. Given any Q = (it, v) £ A, if / ^ then by the Weierstrass 
Preparation Theorem we can uniquely write 

f(X + u,Y + v) = f Q (X, Y)f Q (X, Y) 

where 

f Q (X,Y) g k[[X,Y}] with £,(0,0) ji 

and 

f Q (X, Y) = X a [Y b + c^Y"- 1 + ■■■ + c b (X)} 

with nonnegative integers a, b and elements C\(X), . . . ,Cb(X) in fc[[X]] for which 
ci(0) = • ■ • = q,(0) = 0, and we call fq = /q(X,Y) G k[[X, Y]] the incarnation 
of / at Q; if / = then we put /q = fcjiX, Y) = 0. Now for any Q G A we define 

int(/,#;Q) = mt(f Q ,g Q ). 
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It can be shown that in terms of fc-vector space dimension we always have 

(4.1) mt(f,g;A) = [R 2 /(f,g)R2:k]. 

To extend the above discussion to the intersection multiplicity int(/, g; V) of 
/ and g in the projective plane V over k, recall that V is the disjoint union of A 
with the line at infinity £oo given by 

£00 = {(°°, v ) '■ v € k U {00}}. 

If / 7^ then we define its homogenization fh = fh(X,Y, Z) G k[X,Y,Z] by 
putting 

f h {X,Y,Z) = Z N f(X/Z,Y/Z) 
and if / = then we put //, = fh(X, Y, Z) = 0. For any Q — (00, b) G we 
define the incarnation /q = /q(X, Y) G k[[X, Y]] of / at Q by putting 



f (XY) = f ifh{1 > Y > X)) W iibek 
JQ[ ' ' \(.f h (XA,Y)) {m if& = oc 



00 

and we define int(/, g; Q) by putting 

int(/,s;Q) = int(/ Q , c/q). 

Now Q = (u, v) G A is a common point of / and g, i.e., f(u, v ) = = <?(u, u), iff (= if 
and only if) /q(0, 0) = = 3q(0, 0); by analogy we call Q G £oo a common point 
of / and g iff / Q (0, 0) = = flQ (0, 0). If gcd(/, g) ± 1 then we put int(/, g; V) = 00. 
If gcd(/, g) = 1 then the curves / and g have a finite number of common points 
Qi = (ui,Vi) for 1 < i < m in V, i.e., /q^O, 0) = = .9^(0,0) for 1 < i < m, and 
we put 

mt(f,g;V)= £ int(/,.g;0,)- 

l<i<m 

Note that by Bezout's Theorem 

'NM ifgcd(/,.g) = land/ ^0^g 
if gcd(/, 3) = 1 and cither / = ^ g or / ^ = g 
k °° if gcd(/,.g) ^ 1. 
For simplicity of notation let us put 

(00) = (00, 0) G Coo. 
We say that / is Y"-monic to mean that 

/ ^ and deg (XtY) [f(X,Y) - f Y N ] < N for some ^ / G k 
and we note that 

/ is F-monic => the (X, F)-degree of / coincides with its F-degree 

and 

/ is y-monic ^ {Q G £00 : /q(0, 0) = 0} C {(00)}. 
It can be shown that 

if (F, G) ~ ro (f,g) where / is y"-monic and gcd(/,g) = 1, 
then int(F, G) = -mt(f,g;A). 



(4.2) int(/, 5 ;P) 



(4.3) 



If / 7^ and 0^/o6 k[X] is the coefficient of the highest power of Y in /, 
then by the top coefficient of / we mean the nonzero element of k which is the 
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cocfBcient of the highest power of J in /o; if / = then we take to be the 
top coefficient of /. If / G k then we define the radical of / in A by putting 
rad(/; A) = /, and if / £ k then we factor / as a product of positive powers of 

efl) e(r) 

mutually nonassociate irreducible members of R 2 by writing f = fi . . . f r and 
we put rad(/; A) = c/i . . . f r where ^ c G k is so chosen that / and rad(/; A) 
have the same top coefficient. 

In analogy with the alpha and beta invariants, for any /, g in R 2 we define the 
affine alpha invariant a(f,g;A) and the affine beta invariant f3(f,g;A) of/ 
relative to g, and in analogy with the alphabar and beta-bar invariants, for any 
/ G R 2 we define the affine alphabar invariant a(f; A) and the affine betabar 
invariant /?(/; A) of / thus. 

First, for any /, g in R 2 , we define the maximal-intersection of / with g by 
putting 

maxint(/, g; A) = max A1(Efc int(/, g - fi; A) 
(where max stands for lub = least upper bound) and we note that by Bezout 

maxint(/, g; A) = a nonnegative integer or 00, 
and: maxint(/, g; A) = 00 4=> gcd(/, g — c;A) ^ 1 for some c G k 

and we put 

«(/, g; A) = {X E k : int(/, g - A; A) < maxint(/, g; A)} 

and 

and we note that then 

P(f,g;A) = a nonnegative integer or 00. 

By a relative affine irregular value of g (on /) we mean an element of a(f, g; A) . 
We call a(f, g; A) the relative affine irregular value set of g (on /), and we call 
(3(f,g;A) the relative deficit intersection of g (on /). 

Next, for any / in R 2 , we put 

a(f;A) = a(f Y ,f;A) 

and 

0(f;A)=(3(f Y J;A). 

By an affine irregular value of / we mean an element of a(f; A). We call a(f; A) 
the affine irregular value set of /, and we call f3(f; A) the deficit intersection 

of/. 

As a consequence of (4.3) we see that: 

' if (F, G) ^ m (/, g) where / is F-monic 
^ and gcd(/, g — c) = 1 for all c G k, 

then a(f, g; A) — a(F, G) = a finite set 
_and P(f,g;A) = (3(F,G) = a nonnegative integer. 



[maxint(/, g; A) - int(/, g; A)} 

Oji\ea(f,g;A) 
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and 

' if F ^ m f where / is F-monic of F-degree N > 
^ ^ ^ and gcd(/y, / - c) = 1 for all c £ k, 

then a(f; A) = a(F) = a finite set 
t and (3(f; A) — (3(F) = a nonnegative integer. 

Now as consequences of (2.1), (2.2), (2.3) we shall deduce (4.6), (4.7), (4.8) 
respectively. 

The affine beta-jacobian identity (4.6). Let f £ i?2 be Y-monic of Y - 
degree N, and let g £ i?2 be such that gcd(f,g — c) = 1 for all c £ k. Then for 
e = rad(/;^4) we have 

int(/, g; A) + mt(f, e Y ;A) = int(/, J(e, g); A) + f3(f, g;A) + N 

where each term is a nonnegative integer. 

PROOF. Let (F, G) ~ m (f,g); then F G R is fc-monic of Y-degree N, and 
G e R is such that GCD(F, G - c) = 1 for all c e k. Let E ~ ro e; then E = rad(F) 
and Ey ^ m ey. Let J = J(E,G); also let j' = J(e,g) and J' ^ m f; then J' 
is the jacobian of E and G relative to X~ x and F and hence by the chain rule 
for jacobians we see that J equals J' times the jacobian of X^ 1 and Y relative to 
X and Y which is clearly equal to — X~ 2 . Also obviously int(F, — X~ 2 ) = —2N 
and int(F, J) = int(F, -X~ 2 J r ) = int(F, -X" 2 ) +int(F, J'). Therefore mt(F, J) = 
—2N + int(F, J'), and substituting this in (2.1) we get 

-2N + int(F, J') = int(F, G) + int(F, E Y ) - N + [3(F, G) 

and by sending some terms from one side to the other we obtain 

-mt(F, G) - int(F, E Y ) = -int(F, J') + [3{F, G) + N 

and in view of (4.3) and (4.4) this yields the desired result. 

The affine beta-derivative identity (4.7) Let f £ R2 be k-monic of Y -degree 
N , and let g £ Ri be such that gcd(/, g — c) = 1 for all c £ k and, in the notation 
of Section 1, for (F, G) ~ ro (/, g) we have G Y £ FjR for l<j< x(F). Then 

int(/, g- A) = int(/, g x ;A) + P(f, 9;A)+N 

where each term is a nonnegative integer. 

PROOF. Now F £ R is fc-monic of F-degree N, and G £ R is such that 
GCD(F, G - c) = 1 for all c £ k and, in the notation of Section 1, G Y £ FjR 
for 1 < j < x{F)- Let g 1 — gx and G' ^ m g'; then G' is the derivative of G 
with respect to X^ 1 and hence by the chain rule for derivatives we see that Gx 
equals G' times the derivative of X~ x with respect to X which is clearly equal to 
-X- 2 . Also obviously int(F, -A~ 2 ) = -2N and int(F, G x ) = int(F, -X- 2 G') = 
int(F, -X- 2 ) + int(F, G'). Therefore int(F, G x ) = -2N + int(F, G'), and substi- 
tuting this in (2.2) we get 

-2N + int(F, G') = int(F, G) - N + (3(F, G) 
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and by sending some terms from one side to the other we obtain 

-int(F, G) = -mt(F, G') + (3(F, G) + N 

and in view of (4.3) and (4.4) this yields the desired result. 

The affine betabar-derivative identity (4.8). Let f G R2 be Y-monic of 
Y -degree N > with gcd(/y, / — c) = 1 for all c G k. Then we have 

int(/, f Y ; A) = mt(f x ,f Y ; A) + /?(/; A) + (N — 1) 

where each term is a nonnegative integer. 

PROOF. Let F ~ m /; then F G R is fc-monic of F-degree N > with 
GCD(F, G-c) = 1 for all c G k; also clearly F Y ~ m fr- Let /' = f x and F' - m /'; 
then F' is the derivative of F with respect to X -1 and hence by the chain rule for 
derivatives we see that Fy equals F' times the derivative of X~ x with respect to 
X which is clearly equal to — X~ 2 . Also obviously int(— X~ 2 , Fy) = —2(N — 1) 
and mt(F x ,F Y ) = int(-X- 2 F' , Fy) = int(-X- 2 , Fy) +mt(F',F Y ). Therefore 
mt(F x ,F Y ) = -2{N - 1) + int(F', Fy), and substituting this in (2.3) we get 

-2(N - 1) + int(F', Fy) = mt(F, Fy) - N + 1 + /3(F) 

and by sending some terms from one side to the other we obtain 

-mt(F,F Y ) = -wt(F',F Y )+0(F) + (N — 1) 

and in view of (4.3) and (4.5) this yields the desired result. 

As a consequence of (4.8) we shall now prove: 

The projective betabar-derivative identity (4.9). Let f G R2 be Y-monic 
of Y -degree N > with gcd(/y, / — c) = 1 for all c £ k. Then we have 

int(/, fy-V) = mt(f x ,f Y ; V) + p(f; A) + 2(N - 1) 

where each term is a nonnegative integer. 

PROOF. By (3.2) we have /3(/(oo)) = and hence by the betabar-derivative 
identity (2.3) we get 

mt (/(oo),/(oo)y) = int(/ (oo )x,/(oo)r) + (N - 1) 

and adding this to (4.8) we obtain the desired result by noting that obviously fy 
is F-monic and hence 

(4.9.1) mt(f,fy;A) + int(/ (oo) ,/ (oo)y ) = mt(f,f Y ;V) 
and 

(4.9.2) mt(fx,f Y ;A)+mt(f {oo)x ,f {oo)Y ) = mt(f x Jy;V). 
Finally as a consequence of (4.9) we shall prove: 

The betabar-conductor identity (4.10). Let f 6 R2 be Y-monic of Y -degree 
N > with gcd(/y, / — c) = 1 for all c G k. Then we have 

(N - l)(N - 2) + [*(/(«,)) - 1] = mt(fx, f Y ; A) + 2<5(/ (oo) ) + 0{f; A) 
where each term is a nonnegative integer. 
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NOTE. We regard (N — 1)(N — 2) as a term. Also we regard a square bracketed 
expression as a term. For instance [x(/(oo)) — 1] is a term. 

PROOF. By Bezout we have int(/, f Y ;V) = N(N - 1), and hence by (4.9) and 
(4.9.2) we get 

(N — 1)(N — 2) = mt(f x , f Y :A) + mt(f (oo)x , f (oo)Y ) +P(f;A) 
and from this our assertion follows by using (3.3.3) applied to F = /(oo)- 

Section 5: No Irregular Value 

For nonconstant / G i?2 we let B(f;A) = R2HIR2) and call it the affine 
coordinate ring of /. Clearly (/-R2) H k — {0} and hence we may identify k with 
a subfield of B(f\ A). We define 5(f; A) and S(f ; V) by putting 

5(f;A)=^5(f Q ) 
QeA 

and 

Qev 

and we note that if rad(/; A) = / then these are nonnegative integers; otherwise 
they are 00. In case / is irreducible (in R2), the genus of the quotient field of 
B(f;A) over k is a nonnegative integer which we denote by 7(/). Again if / is 
irreducible then by the number of places of / at infinity, denoted by Xoo(f), we 
mean the number of DVRs (= discrete valuations rings = one dimensional regular 
local rings) which do not contain B(f;A) but whose quotient field coincides with 
the quotient field of B(f;A). In the general case, by factoring / as a product 
of irreducible factors, i.e., writing / = f\ . . . f r where fi,.-.,f r are irreducible 
members of i?2, we call Xoo(fi) + • • ■ + Xoo(fr) the number of places of / at 
infinity, and denote it by Xoo(/); note that this is always a positive integer; also 
note that 

if / is F-monic then Xoo(f) = X(/(oo)) and 
upon letting F ~ m / we have \{ F ) = Xoo(f)- 

Let us call / a uniline if / is irreducible with -f(f ) = = 5(f;A) and Xoo(f) = 1, 
and let us call / a unihyperbola if / is irreducible with j(f) = = S(f; A) and 
Xoo(f) = 2. Also let us call / a multihyperbola if in the above notation we have 
int(/j, fj; A) = for 1 < i < j < r and /j is a unihyperbola for 1 < i < r, and let us 
call / a multihyperbolic line if in the above notation we have int(/i, fj; A) = 
for 1 < i < j < r, fj is a uniline for some j G {1, . . . , r}, and is a unihyperbola 
for alii G {1, . . . , j — 1, j + 1, . . . , r}. Clearly 

/ is a uniline <^> B(f; A) w k[X] 

/ is an irreducible multihyperbolic line 

and 

/ is a unihyperbola <^> B(f;A) ~ k[X, X^ 1 } 
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wher e « denotes fc- isomorphism of rings. By the epimorphism theorem (see 
|Ab2f] ) we know that 

J / is a uniline 

I for some fc-automorphism a of R2 we have er(/) = X 



(5.1) 
and 



(5.2) 



/ is a multihyperbolic line which is not a uniline 
for some fc-automorphism a of R2 
we have a{f) = X(l + Xh(X, Y)) 
where ^ h(X, Y) 6 R2 is such that 
1 + Xh(X, Y) is a multihyperbola. 

The well-known genus formula tells us that 

{if / € i?2 is irreducible of (X : F)-degree N > then 
2 1 (f) + 2S(f;V) = (N-l)(N-2). 

Likewise, continuing the assumption of nonconstant / £ R2, a well-known conse- 
quence of Bertini's Theorem tells us that 



(5.3) 



(5.4) 



rad(/ — c; A) — f — c for all c G k 

=> / — A is irreducible for almost all A G fc 



and as supplements to this we note the easy to prove facts which say that 
(5.5) 



rad(/ — c; A) = f — c for all c G fc 
int(/x,/y;.A) < 00 



and 



int(/x, fy;A) = => int(/ x , /y; A) < 00, 
("».(») { and 

mt(/x, /y",.A) = O S(f - c;A) = for all c G fc 



and 
(5.7) 



if / is Y-monic then: 
rad(/ — c;A) = f — c for all c G fc 
•<=> gcd(/y, / - c;A) = 1 for all c G fc. 

We shall now deduce some consequences of (5.1) to (5.7). 

The betabar-genus identity (5.8). Let f G R2 be irreducible Y-monic of 
Y -degree N > with gcd(/y, / — c) = 1 /or all c G fc. TTien 

(5.8.1) 2 7 (/) + 2S(f; A) + [*(/(«,)) - 1] - int(/ Xj /y ; 4) + -4) 

where each term is a nonnegative integer. Moreover, 

(5 8 2) Ufmt(f x ,fv,A)=0 

\ then 2 7 (/) + [ X (/(oc)) - 1] = /?(/; A) 
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where each term is a nonnegative integer. Finally, 

Ufmt(f x ,f Y ;A)=0 = p(f;A) 
I then f is a uniline. 



(5.8.3) 



PROOF. (5.8.1) follows from (4.10) and (5.3) by noting that S(f; V) = S(f; A) + 
<K/(oo))- Moreover, (5.8.2) follows from (5.8.1) by noting that int(/ x , f Y ; A) = =>• 
S(f;A) = 0. Since 7(/) and [x(/(oc)) ~~ 1] arc nonnegative integers, it follows that 
if 2 7(/) + [x(/(oo)) - 1] = then we must have j(f) = = [x(/(oo)) - 1]; therefore, 
since int(/ x , fv, A) = => 5{f;A) = 0, (5.8.3) follows from (5.8.2). 

No Irregular Value Theorem (5.9). Let f G R 2 be Y-monic of Y -degree 
N > 0. Then 

int(/x, fy] A) = = \a(f;A)\ / is a uniline. 

<*=>■ / — c is a uniline for all c G k. 



PROOF. We shall give a circular proof by showing that LHS MHS => RHS =^> 
LHS where MHS = Middle Hand Side = the condition "/ is a uniline." Assuming 
int(/x, fy\ A) = 0, by (5.4) to (5.7) there exists A G k such that for /' = / - A we 
have that /' G Ri is irreducible y-monic of F-degrcc N > such that mt(f' x ,f Y ) — 
and gcd(/y,/' — c) = 1 for all c G k; also assuming |a(/;^4)| = 0, we see that 
j3(f';A) = 0, and hence /' is a uniline by (5.8.3), and therefore / is a uniline by 
(5.1). By (5.1) we know that if / is a uniline then / — c is a uniline for all c G k. 
Finally, upon letting f c = f — c, assume that f c is a uniline for all c G k. Then, 
for any c G fc, clearly f c G Ri is irreducible y-monic of F-dcgrcc N > with 
life) = = [x(/c(oo)) - 1], and by (5.5) to (5.7) we see that mt(f cX ,fcy) = 
and gcd(/ c y, f c — c') = 1 for all d G k, and hence by (5.8.2) we get (3(f c ; A) = 0. 
Therefore mt(fxJy,A) = = 

Remark (5.10). As hinted in the above proof, from the definitions of the affinc 
invariants a, (3, a, [3 it immediately follows that for any / in R 2 we have 

a(f;A) C {0}*>P(f;A) =0 

and 

a(f; A) = O 0(f -c;A) = for all c G k 
and for any /, g in R 2 we have 

a(f l9 ;A)c{0}^l3(f l9 ;A)=0 

and 

a(f, g;A) = %^ /?(/, g - c; A) = for all c G fc. 
Section 6: One Irregular Value 



Here are some consequences of (5.1) to (5.3) and (5.5) to (5.7) which do not use 
(5.4). 
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Product Identity (6.1). Let f G R 2 be Y-monic of Y -degree N > with 
gcd(/y,/) = 1. Let f = Hi<i< r fi be a factorization of f where fa G R 2 is Y- 
monic of Y -degree iVj > /or 1 < i < r. TTien 

int(/,/ F M)-7V=2 g int (/<,/,•; .A)) 

+ J] [(JVi - l)(JVk - 2) - 2J(/ i(oo) ) + x(/ i( oo)) - 2] 

l<i<r 

(6.1.1) 

w/iere eac/i ierm is an integer. Moreover, 

{z/int(/x, /y; -4) =0 and /j is irreducible for 1 < i < r 
then mt(fJ Y ;A) — N = EiWWi) + X(/i(oo)) - 2] 
and <5(/i; -4.) = /or 1 < i < r 

where each term is an integer. 

PROOF. By the product rule for derivatives we get 

int (/, f Y ;A) = 2 int (ft , fj ;A)+ int (/< . 5 » 4 ) 

l<i<j<r l<i<r 

and for 1 < i < r we have 
int(/i, .Ay; -4) 

= ^(AT* - 1) - int(/ i(oo ), /i(oo)y) by Bezout 

= 7V 4 (7V 4 - 1) - 2<J(/ i(oo) ) + x(/i(oo)) - ^ by (3.3.2) 

= (AT; - l)(Ni - 2) - 25(f l(oo) ) + x(/i (oo) ) + W - 2) by simplifying 

and by substituting this value of int(/j, /iy;.<4) in the RHS of the above equation 
we get (6.1.1) by noting that N — J2i<i< r -^i- Moreover, if int(/x,/y) = then 
for 1 < i < j < r we have int(/j, fj; A)) = 0, and for 1 < i < r we have S(ff, A) = 
and S(f i ^ 00 - ) ) — S(fi;V), and hence (6.1.2) follows from (5.3) and (6.1.1). 

Product Lemma (6.2). Let f G R 2 be Y-monic of Y -degree N > with 
int(/, fy',A) — N — 1 and mt(fx, /y; A) = 0. Then f is a multihyperbolic line. 

PROOF. By (6.1.2) we have -1 = Zi<i< r [Mfi)+x(fi(oc))-2] and 5{h;A) = 
for 1 < i < r. Therefore, since j(fi) and x(/i(oo)) — 1 are nonnegative integers for 
1 < i < r, just by numerical considerations, we conclude that there is a unique 
j G {1, . . . , r} such that -f(fj) = = x(/i(oo)) - 1 and j(fj) = = x(/i(oo)) - 2 for 
alH € {1, . . . , j — 1, j + 1, . . . , r}. Thus / is a multihyperbolic line. 

Product Theorem (6.3). Let f G R2 be Y-monic of Y -degree N > such 
that mt(f x , fy;A) = = ~0{f\A) and gcd(/y,/ - c; A) = 1 for all c G k. Then 
int(/, /y; A) — N — 1 and / is a multihyperbolic line. 



PROOF. Follows from (4.8) and (6.2). 
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One Irregular Value Theorem (6.4). Let f e R 2 be Y-monic of Y -degree 
N > with mt(fx,f Y ;A) = = \a{f]A)\ - 1, and let f = / — A {A} = 
a(/;.A). TTien /' is a multihyperbolic line which is not a uniline. 

PROOF. Since int(/x, h ; A) = 0, by (5.5) to (5.7) we see that /' e R 2 is Y- 
monic of Y-degree TV > such that mt{f' x , f Y \ A) = and gcd(/y , /' — c; A) = 1 
for all c 6 fc. Since \a(f;A)\ — 1 = and /' = / — A with {A} = a(f;A), we also 
see that f3(f';A) = 0. Therefore by (6.3) we conclude that /' is a multihyperbolic 
line, and by (5.9) we sec that it is not a uniline. 

Remark (6.5). In the proof of (6.1) we could have tried to use (4.8) by assuming 
the condition gcd(/y, f — c) = 1 for all c 6 k. tried to use (4.8) in its proof. This did 
not work because, as shown by the following example, this condition is not inherited 
by the factors of /. Namely, by taking / = f 1 f 2 with fi = X 2 Y + 1 and / 2 = Y, 
we see that gcd(/y, / — c) = 1 for all c e k does not imply gcd(/iy, f\ — c) = 1 for 
all c E k. 

Section 7: Two Conjectures 

Let 

k x =fc\{0} 

and, as in Abhyankar's previous lectures, let -0- denote an unspecified element of 
k x . Now here are two meromorphic jacobian conjectures for F, G in R of 

Y-degrees N and M respectively. 

CONJECTURE I: J(F, G) =-&X- 2 (3{F, G) = g a(F). 

CONJECTURE II: J(F, G) =-0-X~ 2 cither M\N or N\M. 

Remark (7.1). Note that Conjecture II is not true if we allow the coeffi- 
cients of F and G to be fractional meromorphic series. For example, if F = 
Y 3 + (3/2)X- 1 / 2 Y and G = Y 2 + X' 1 ' 2 then J(F, G) = (-3/4)AT- 2 but M = 2 
and N = 3. 

Remark (7.2). In Remark (8.9) of the next section we shall show that both 
these meromorphic conjectures imply the algebraic jacobian conjecture which pre- 
dicts that if /, g in R 2 arc such that J(f,g) =-6- then k[f, g] — R 2 . 

Section 8: Thoughts on Conjecture I 

Before turning to Conjecture I, let us observe that for any /, g in R 2 we have 

(8.1) J(.f,g) ="6" an d / is a uniline => k[f,g] = R 2 
and 

(8.2) J(f,g) ="6" and / is a multihyperbolic line =>■ / is a uniline 



JACOBIAN PAIRS 



19 



and 
(8.3) 



k[f,g]=R 2 ^\a(f,g;A)\ = 0. 



Out of this (8.1) and (8.2) follow from the parallelness of the Newton polygons 
of / anf g proved in [Ab3, Ab5j. The third assertion (8.3) follows by noting that 
if k [f,g] = R 2 then for every c S k we clearly have k[f, g — c] = R 2 and hence 
int(/, g — c;A) = 1, and therefore \a(f, g;A)\ = 0. 



Now let us prove the following two polynomial analogue of (5.8.3). 



No Deficit Intersection Theorem (8.4). Let f G R 2 be Y-monic of Y -degree 
N > 0, and let g G R2 be such that J(/, (?) and f3(f, g; A) — €" a(f; A). Then 
f is a uniline, and hence in particular \a(f;A)\ = = (3{f\A) and fc[/, g] = R 2 . 

PROOF. Since J{f, g) =-6- , we get rad(/; A) = / and int(/, J(f, g);A)=0 with 
gcd(/, g — c; A) = 1 for all c G k. Therefore, since /?(/, g; A) = 0, by (4.6) we obtain 

int(/, g; A) + int(/, f y ;A) = N. 

Since J(f, g) =-6- , we also get int(/A- , fy] A) = with gcd(/y , / — c; ^4) = 1 for all 
cel. Therefore by (4.8) we obtain 

mt(f,f Y ;A)=P(f;A) + (N-l). 

The above two displays tell us that 

int(f,g;A) + p(f;A) = l. 

Since int(/, g;A) and f](f;A) are nonnegative integers, we must have (3{f;A) = 
or 1. For a moment suppose that (3{f\A) = 1; then, since g' a(f;A), we must 
have \a(f; A)\ = 1; therefore, upon letting /' = / — A with {A} = a(f; A), by (6.4) 
we see that /' is a multihyperbolic line which is not a uniline; clearly J(/, g) =-6- => 
J(f\g) —"6" which is a contradiction by (8.2). Thus we must have f3(f;A) = 0. 
Therefore / is a uniline by (5.8.3). Hence k[f,g] = R 2 by (8.1), and \a(f,g;A)\ = 
by (8.3). 



Here is a two polynomial analogue of (5.9). 



No Affine Irregular Value Theorem (8.5). Let f G R 2 be Y-monic ofY- 
degree N > 0, and let g G R 2 be such that J(f,g) =-6- and \a(f,g;A)\ — ^ 
a(f;A). Then(3(f,g;A) = and k[f,g] = R 2 . 

PROOF. By (5.10) we see that \a(f,g;A)\ = £ a(f;A) /3(f,g;A)\ = £ 
a(f;A) and by (8.4) we see that (3(f,g;A) = a(f;A) =>• / is a uniline. 

Finally here is a two polynomial analogue of (6.4). 

One Affine Irregular Value Theorem (8.6). Let f G R 2 be Y-monic of 
Y -degree N > 0, and let g G R 2 be such that \a(f,g;A) \ — 1 = g" a(f;A). Then 

J(f,g)?k*. 
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PROOF. Let g 1 = g - X with {A} = a(f, g; A). Then g' e R2 with /?(/, g'; A) = 
g" a(f;A) and hence by (8.4) we get J(f,g') k x . Therefore J(f,g) & k x . 

Corollary (8.7). Let f E R2 be Y-monic of Y -degree N > 0, and let g £ i?2- 

Then we have the following. 

(8.7.1) Ifg^k and gcd(/,.g - fx) = 1 for all p, 6 k then \a(f,g;A)\ < Xoc(f)- 

(8.7.2) If0^a{f;A) and X (F) = 2 then J(f,g) k x . 

PROOF. In view of (8.5) and (8.6), (8.7.2) follows from (8.7.1) by noting that 
if g G k then J(f,g) = g' k x , and if / and g — p. for some p, G k have a 
nonconstant common factor 9 in i? 2 then </(/, g) = J(f, g — p) is divisible by 9 and 
hence J{f,g) k x . To prove (8.7.1), assume that g $ k and gcd(/, g — fx) = 1 
for all p, G fc. Then by replacing g by j - c for some c G A; we may suppose 
that int(/, g;A) = maxint(/, g; A). Then int(/, g;A) is a positive integer and, 
upon letting (F,G) ~ m (/,<?), for all A G k we have int(F,G — A) = — int(/, 5 — 
A; .4). Therefore by the inequality for \a(F, G)\ given in Section 1 we conclude that 
\a(f,g-A)\<Xoo(f)- 

Remark (8.8). Let us note that by a well-known construction, given any finite 
number of nonzero elements f\ , . . . , f r in R2 , we can find a fc-automorphism a of 
i?2 such that cr(/i), . . . , a(/ r ) are Y"-monic. Clearly it suffices to prove this for their 
product / = fi . . . f r . If / G k[Y] then we can take a to be identity. So assume 
/ ^ k[Y], let p > be the (X, Y~)-degree of /, let to > be the X-degree of /, let 
a(y) with ^ a(F) G k[Y] be the coefficient of X m in /, and let n > be the 
V-degree of a(Y). Take integer q > p and let a be the fc-automorphism of R2 given 
by a(X) = X + Y q and cr(Y) = Y. Then a(f) is F-monic of F-degree t = n + mq. 
Note that if r — 2 with fi £ k[Y] for 1 < i < 2 and for their corresponding degrees 
Pi,mi,ni,ti we have toi/to2 = n\jni then we have ii/i2 = n\/n2- 



Remark (8.9). The AJC = the Algebraic Jacobian Conjecture predicts 
that for any /, g in R2 with J(/, g) we have k[f, g] = i?2- To relate this to the 
two meromorphic jacobian conjectures, given any /, g in R2, upon taking F, G in R 
with (F, G) ^ m (f, g), and upon letting J = J(F, G) and J ~ TO / with j' = J(/, 3), 
as in the proof of (4.6), by the chain rule for jacobians we get J = —X~ 2 J'. To show 
that Conjecture I implies AJC, in view of the first sentence of the above Remark 
(8.8), we may assume that / G R2 is F-monic of F-degree N > 0, and g G R2 such 
that J(f,g) =-9-, and we want to show that fc[/, g] = R2; now clearly J —-Q-X^ 2 ; 
by (4.4) and (4.5) we also have f3(f,g;A) = (3(F,G) and a(f;A) = a(F) and 
hence by Conjecture I we get f3(f,g;A) = g" a(f;A); therefore by (8.4) we 
conclude that k[f, g] = R2. Befor e dealing with Conjecture II, let us note that 
from what is shown in [Ab3, Ab5| it follows that AJC is equivalent to a certain 
variation AJC* of it. To state this, for 1 < i < 2 let fi = f l {X,Y) G R 2 \ k[Y], 
let pi and rm be the (X, F)-degree and A-degrees of fi, let 7^ a^(F) G k[Y] 
be the coefficient of X mi in /i, let ni be the F-degree of a^(F), and assume that 
Pi = rrii + ni > nii and deg( X Y )[fi(X,Y) — ai(Y)X nH ] < p t . Now AJC* says that, 
for any such pair /i,/2, if J{fi,f2) ="6" and toi/to 2 = n\ju2 then cither p\\p2 or 
P2\p\- [This is a very iffy proposition because, as is shown in [Ab3, Ab5| , if AJC 
were true then such a pair f\ , /2 cannot exist] . In view of the last sentence of the 
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above Remark (8.8), to prove AJC* it suffices to prove AJC** which says that if 
/, g in i?2 are y-monic of ^-degrees N > and M > such that </(/, g) =-&■ then 
either M\N or N\M. Clearly Conjecture II implies AJC**. 

Section 9: Usual Newton Polygon 

As a tool for dealing with Conjecture II, we shall now revisit the Usual Newton 



Polygon as developed in [Ab3| 



Recall that R = k((X))[Y] where k is an algebraically closed field of character- 
istic zero, and 1$ is the set of all irreducible monic polynomials of positive degree 
in Y over k((X)). As in Section 1, for any F — F(X, Y) G R of F-degree N and 
branch number x(F) we have 

f = e b n f j 

1<3<X(F) 

where 

F = F (X) G k((X)) and Fj = Fj{X, Y) G R* with degyFj = Nj 

and for any integer v > which is divisible by N\, . . . , as Newton factoriza- 

tion of F we have 

F{X V ,Y) = F Q {X V ) Y[ {Y-Zi(X)) with Zi {X)ek{{X)). 

l<i<N 

Note that 

int(F,F) =ord x F(A,0) 
and let us define the final root order of F by putting 

6{F) = max{ord xZl (A) : 1 < i < N} 

with the understanding that if N < then 0(F) = — oo. For any c which is 
a rational number or oo we define the vertical label of F at c and the starred 
vertical label of F at c to be the nonnegative integers L(F, c) and L*(F, c) obtained 
by putting 

L(F, c) - |{t G {1, . . . , N} : ordxz(i) > cv}\ 

and 

G {1,. ..,N} : ord x z(i) > cv}\ if c ^ oo 

|{i G {1, . . . , N} : ord x z(i) > cv}\ if c = oo 

with the understanding that if N < then L(F,c) = = L*(F.c). We define the 
final vertical label and the postfinal vertical label of F by putting 

L(F) = L(F, 0(F)) and L{F) = L*{F, 3(F)). 

For any integer a we denote the coefficient of X a in F by coefx(^, a), i.e., taking 
summation over all integers a we have 

F[X, Y) = Y^ coef x (F, a)X a with coef x (F, a) G k[Y] 

and we extend this by putting 

coeix(F, a) = if a is either oo or a rational number which is not an integer. 

Note that the A-initial coefficient and the A-initial form of F are given by 

incox-F 1 = coeix(F,ordxF) 



L*(F,c) = 
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and 

' (inco x F)X a with a = ord x F if F ^ 
if F = 0. 



infojsfF = 



Also note that, given any y = y(X) G fe((X)), for all a which is a rational number 
or oo we have 

coeixiy, a) G k. 

For any G = G(X, Y) G -R of y-degree M and branch number x(C) we have 

G - Go [] Gl 

1<1< X (G) 

where 

Go = G (X) e k((X)) and G; = G;(X, F) G $ with deg y Gj = M ; 

and assuming the integer v > to be divisible by Ni, . . . , N X ( F },M\, . . . , M x ^q), in 
addition to the Newton factorization of F, as Newton Factorization of G we have 

G(A^,y) = G pr) [] ( y - w eP0) with w e (X)ek((X)) 

l<e<M 

We define the normalized contact of F and G by putting 

noc(F,G) = (l/z/)max{ordx(z;pf) - w e (X)) : 1 < i < and 1 < e < M} 

and we note that this is a rational number or ±oo and: it is — oo 4=> TV < or M < 0, 
and: it is oo 4=> Fj = G; for some j and I with 1 < j < x(F) and I < I < x(G)- We 
also define the restricted normalized contact of F and G by putting 

rnoc(F,G) = (l/u)max.{oTd x (zi(X) - w e (X)) : 1 < i < N and 1 < e < M 

with Zi(X) ^ w e (X)} 

and we note that this is a rational number or — oo and: it is — oo <=> Fi = ■ ■ ■ = 
F x(F) = Gi = ■ ■ ■ = G X(G ) and N, = ■ ■ ■ = N x ^ = 1 = M l = ■ ■ ■ = M x(G) . 

Assuming N > 0, to enlarge the pair O(F), L(F) into the Usual Newton Polygon 
of F, we arrange the set {(1 / v)ovdx Zi(X) : 1 < i < N} as an increasing sequence 

1 {F)<0 2 {F)<...<O l{f) {F) 

with preaugumentation Oq(F) = ordx-Fo(A) 

and we call Oi(F) the z-th root order of F and l(F) the index of F; note that i(F) 
is the size of the above set, and Oo^), 0\ (F), 02(F), . . . , O^p) (F) are integers with 
the exception that O l (f)(F) may be 00. Next we introduce the decreasing sequence 
of nonnegative integers 

Lt(F) > L 2 {F) >■■■> L L(F) (F) > L L(F)+1 (F) 

with Li(F) = L(F, Oi{F)) for 1 < i < i(F) 

and L b{F)+1 (F)=L{F) 

where we call Li(F) the -i-th vertical label of F. The above two sequences together 
constitute the UNP(F) = the Usual Newton Polygon of F. 
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To relate the UNP with the customary picture in the real plane, continuing with 
the assumption of N > 0, for any c which ia a rational number or oo, upon letting 

(< c) = {1 < i < N : OTd x z t (X) < cv}, 

(= c) = {1 < i < N : OTdxZi(X) = cu}, 

(> c) = {1 < i < N : OTd x Zi(X) > as}, 

we define the horizontal level A(F, c) of F at c and the starred horizontal level 

A(F, c) of F at c by putting 



A(F,c)=O (F) + 



J2 (l/v)ord xZi (X) 

ie(<c) 



+ c =c 



and 



A*(F,c) =O (^) + 



+ c|(= c)\+c\(>c)\ 



(lMord x Zi(X) 

ie(<c) 

with the understanding that times oo is 0, and we define the polynomial ^ 

p(F.c) = P (f,c)(y) e fc[y] of F at c by putting 



P^ c \Y)=mco x F (X) 



II inco x z,(X) J] ( y - mcox^(X)) yK >c )l. 
_ie(<c) |_ie(=c) 
We define the final horizontal level and the postfinal horizontal level of F by 

putting 

A(F) = i A{F '°^- l{F)) ift ( F )^ 1 
1 J \0 (F) if t (F) = l 

and 

A(F) = A(F,0(F)) 
and we define final polynomial of F by putting 

= p(F)(yj = p(F,d(F))(y)_ 

We introduce the sequence 

A 1 (F) = O (F) and A;(F) = A(F, Oi-i(F)) for 2 < i < t(F) + 1 
where we call Ai(F) the i-th horizontal label of F, and we introduce the sequence 

p(F) = p (F, 0i (F)) for 1 < • < t(F) 

where we call ^ f^ (F) = F 4 (F) (T) G fc[Y~] the i-th polynomial of F. 

Now the CNP(F) = the Customary Newton Polygon of F consists of the 
l(F) segments in the real plane where, for 1 < i < t(F), the i-th segment or side 
of CNP(F) joins the point (A 4 (F), i,(F)) to the point (A m (F), L i+1 (F)), with the 
understanding that if 0(F) = oo then the last segment or side is the half- infinite 
horizontal line emanating from the point (A(F), L(F)) and going to infinity on the 
right. For 1 < i < l(F) we embellish the i-th side of CNP(F) by placing the i-th 
polynomial ^ Pj; F) = P, {F) (Y) e k[Y] of F on it. Alternatively, CNP(F) may 
be constructed thus. Its first vertex is (Ai(F), Fi(F)) = (O (F),N). The first 
side is the line of slope Oi(F) starting at the first vertex and ending at height 
L2(F) giving us the second vertex. Inductively, the i-the side is defined to be the 
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line of slope Oi(F) starting at the z-th vertex (Ai(F), Li(F)) and ending at height 
Li+i(F) giving us the (i + l)-th vertex whose horizontal coordinate is defined to be 
Ki + i(F). Letting this side continue to height zero, the horizontal coordinate of the 
point so obtained is A*(F, Oi(F)). Note that we are interpreting the slope of a side 
to be the tangent of the angle it makes with the Y-axis. This heuristic- geometric 
paragraph is not a logical part of the paper. 

Continuing with the assumption of N > 0, clearly we have 

f d(F) = O l(f) (F) and ^ = ^P<^) 

\ and deg Y P^ = L(F) = L l(f) {F) with Li(F) = N 

and 

(9.2) 1(F) = A l(F)+1 (F) = ord x F(X, 0) = int(F, Y) with Ai(F) - O (F) 
and 

(9.3) 1(F) = K(F)(F) and ovd Y P^ =L(F) = L l(F)+1 (F) 
and for 1 < i < i(F) we have 

A l+1 (F) = Aj(F) + (U(F) - L i+1 (F))Oi(F) 

(9- 4 ) = Oo(F) + (HF) L H1 (F))O t (F) 

i<j<i 

and 

(9.5) deg Y P^ F) = Li(F) and ord y P 4 (F) = L l+1 (F) 
and for any c which is a rational number or oo we have 

fAi(F) ifc<Oi(F) 

(9.6) A(F,c) = •! A i+ i(F) if 4 (F) < c < O i+1 (F) with 1 < z < l(F) 

[A l{f)+1 (F) if O l(F) (F)<c 

and 

(9.7) A*(F, c) = A(F, c) + c|(> c)| with (> c) as above 
and 

(9.8) deg Y P( F ' c ' = L(F,c) and ordyP^ = L*(F, c). 

Moreover, since ord is additive and inco is multiplicative, for any rational number 
c for which cv is an integer, we have 

(9.9) oxA x F(X v ,YX CV ) = A*(F,c)v with inco x F(X v , YX CV ) = P^(Y). 

Assuming N > and M > 0, for < j < min(t(F), i(G)) we say that UNP(F) 
and UNP(G) are j-step parallel, in symbols we write UNP(F)|| i UNP(G), if 

MOo(F) = NO (G), and for 1 < i < j we have 
Oi(F) = Oi(G) and ML l (F) = NL^G). 

Moreover, we say that UNP(F) and UNP(G) are parallel, in symbols we write 
UNP(F)||UNP(G), if 

l(F) = 6(G) and UNP(F)|| l(f) UNP(G). 
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(9.12) 



Likewise, we say that UNP(F) is smaller than UNP(G), in symbols we write 
UNP(F) < UNP(G), if 

'6(F) < 6(G) with L(G) = 1, and 

either i(F) = i(G) with UNP(F)|| t(F) _ 1 UNP(G) and ML(F) = NL(G), 
or l(F) = 6(G) - 1 with UNP(F)|| l(f) DNP(G) 
and we note that 

(*) UNP(F) < UNP(G) => L*(G, 6(F)) = 1. 

Finally, we say that UNP(F) and UNP(G) are pseudoparallel, in symbols we 
write UNP(F)|.|UNP(G), if cither UNP(F)||UNP(G) or UNP(F) < UNP(G) or 
UNP(G) < UNP(F); note that these three conditions are mutually exclusive. In 
view of (9.1), (9.2) and (9.4), by the definition of parallelness we see that 

(9 10) fifUNP(F)||UNP(G) then 

1 ' ' \ (M)int(F, Y) = (iV)int(G, Y) and ML(F) = NL(G). 

Calculation. Continuing with the assumption that N > and M > 0, let c be 

a rational number such that cv is an integer. Let 

(9.11) F = F{XX) = F{X lJ ,YX cv ) and G = G(X, Y) = G{X V , YX CV ) 
and similarly let 

{J = J(X, Y) be obtained by substituting 
{X V ,YX CV ) for (X,Y) in J(F,G). 

Clearly J{X V , YX CV ) = vX cv+v ~ Y and hence by the chain rule for jacobians we get 

(9.13) J(F, G) = vX cv+v - x J(X, Y). 
Now 

(9.14) F(X, Y) = X a P{Y) + (terms of X-degree > a) 
where 

(9.15) a = oiA x F{X u , YX clJ ) with ^ P = P(Y) = \nco x F{X u , YX CV ) e k[Y] 
and 

(9.16) G(X, Y) = X b Q(Y) + (terms of X-degree > b) 
where 

(9.17) b = ord x Gpr , YX W ) with ^ Q = Q(Y) = mco x G{X v , YX clJ ) e k[Y}. 
Letting ' denote F-derivative we have 

(9.18) J(F, G) = X^-^aPQ' - bQP') + (terms of X-degree > a + b - 1) 
and hence 

{ oidx J(F,G) >a + b-l, 

[with: ord x J(F, G) > a + b - 1 <^ aPQ' - bQP' = 
and by (9.13) we see that 

(9.20) if J(F, G) G k((X)) then aPQ' - bQP' e k. 



(9.19) 
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Related Polynomials. To analy ze (9 .19) and (19.20), let us recall the concept 
of related polynomials developed in |Ab3]. Given any 

^ P = P(Y) £ k[Y] and ^ Q = Q{Y) £ k[Y] 

with degyP — n and degyQ = m, we say that P and Q are related to mean that 
P m = -6-Q". Recall that upon letting 

P = P(Y) = P J] (Y~u t ) r - and Q = Q(Y) = Q J[ (Y-vtfi 

with Pq Qo in fc, pairwise distinct elements Ui,...,u p in fc, pairwise 
distinct elements v\,...,v q in k, nonnegative integers p, q, and positive integers 
ri,...,r p ,si,...,s q , we have 

rad(P) = P J] (Y - ut) and rad(Q) = Qo ]J (Y - «,-) 

l<i<p l<j<9 

and note that 

PQ has a multiple root 

either > 2 for some i or Sj > 2 for some j or Ui = Vj for some i, j. 

Clearly 

(9.21) if m + n ^ F and Q are related then n ^ ^ m 

and by a standard argument we see that 

if m + n ^ then: P and Q are related 
rad(P) =-0-rad(<5) and upon relabelling V\, . . . , v q 
so that Ui = Vi for 1 < i < p = q 
_ we have mui — nvi for 1 < i < p 



(9.22) 



and 



(9.23) 



Clearly 



if m + n ^ and a, 6 are integers 

such that aPQ' - bQP' = with either a < or b < 
then P~ 6 =-Q-Q- a with a < and b < 
^and P and Q are related with ma = nb. 



{if a, 6 are integers 
such that aPQ' - 6QP' with either a < or b < 
then PQ has no multiple root 

and hence by (9.23) we see that 

if PQ has a multiple root and a, b are integers 
such that aPQ' - bQP' £ k with either a < or b < 
(9.25) { then aPQ' - 6QP' = 

and p- b =-Q-Q- a with a < and b < 
and P and Q are related with ma = nb. 
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Calculation Continued. Reverting to the definition of a, b, P, Q given in (9.15) 
and (9.17), we continue to let degyP = n and degyG = m. By (9.2), (9.4), (9.6), 
(9.7) and (9.9) we see that 



(9.26) 
and hence 

(9.27) 



a < int(F, Y)v and b < int(G, Y)v 

'if cither int(F, Y) < or int(G, Y) < 
then either a < or b < 0. 



By (9.8) we see that 



(9.28) 



and hence 



(9.29) 



and 



(9.30) 



(i) deg Y P >0^> deg y P > L(F) ^> c < 0(F), 

(ii) ord y P > ^ ordyP > L(F) <=> c < 0(F), 

(ii) dcg Y P > ordyP & c £ {Oi(P), . . . , O l(f) (F)}, 

(iv) degyQ > <^ dcg y Q > L(G) ^c< 0(G), 

(v) oidyQ > ordyQ > L(G) & c < 6(G), 

(vi) deg y Q > ordyQ ^ c e {Oi(G), . . . , O t(G) (G)}, 

(vii) c < O t (F)-i with i(F) > 2 =4- ordyP > 2, 

(viii) c < O t (G)-i with t(G) > 2 => ordyQ > 2, 



'if either (i) c < min(6(F), 6(G)), 
or (ii) c < 6(G)) with L(G) > 2, 
or (iii) c < O t(G) _i(G)) with t(G) > 2, 
or (iv) c < 6(F)) with L(F) > 2, 



or (\ 



<0. 



t (F)-l 



(P)) with t(P) > 2, 



then ordyPQ > 2, 



if either c e {Ox(P), . . . , O l(F) (F)} \ {Oi(G), . . . , O t(G) (G)} 
or c e {Oi(G), . . . , O l(G) (G)} \ {Ox(P), . . . , O l(F) (P)} 
then P and Q are not related. 



Main Lemma (9.31). Let F and G in R be of ' Y -degrees N > and M > 
respectively, and assume that J(F,G) £ k((X)) and UNP(P)|| UNP(G). Also 
assume that either int(P,F) < or int(G, Y) < 0. Then UNP(P)|.|UNP(G), and 

( F^ (C'\ 

for 1 < i < mm(i(F), i(G)) the polynomials P> and P/ are related. Moreover, 
if 0(F) = 6(G) then UNP(P)||UNP(G) and hence in particular (M)int(F,Y) = 
(N)mt(G,Y) and ML(F) = NL(G). 

PROOF. By induction on j we shall show that, given any integer j with < j < 
min(i(P), i(Gj), we have (lj) to (6-,) stated below. By taking j — min(t(P), i(G)) 
this will establish the lemma. 

(lj) If j < min(i(P),t(G)) then we have: UNP(P)||jUNP(G), and the polyno- 
mials P^ and P^ G ' are related for 1 < i < j. 
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(2j) If 6(F) = 6(G) and j = min(t(F), i(G)) then wc have: j = i(F) = i(G), 
UNP(F)|| j UNP(G), the polynomials P/ F) and F 2 (G) are related for 1 < % < j, and 
(M)mt(F,Y) = (N)mt(G,Y). 

(3j) If 6(F) < 6(G) and j = min(i(F) , l(G)) = t(G) then wc have: j = l(F), 
UNP(F)||j-_iUNP(G), the polynomials pf ] and pf ] are related for 1 < i < j, 
ML(F) = NL(G), and L(G) = 1. 

(4j) If 6(F) < 6(G) and j = min(i(F), i(G)) ^ i(G) then we have: j = 
i(F) = i(G) - 1, UNP(F)||jUNP(G), the polynomials F 4 (i?) and F 4 (G) are related 
for 1 < i < j, and L(G) = 1. 

(5j) If 6(G) < 6(F) and j = min(t(F), t(G)) = t(F) then wc have: j = i{G), 
UNP(F)|| j _iUNP(G), the polynomials F 4 (F) and F 4 (G) are related for 1 < i < j, 
ML(F) = NL(G), and L(F) = 1. 

(6j) If 6(G) < 6(F) and j = min(i(F), i(G)) ^ l(F) then we have: j = 
t(G) = t(F) - 1, UNP(F)|| j UNP(G), the polynomials F 4 (i?) and F 4 (G) are related 
for 1 < i < j, and L(F) = 1. 

By hypothesis this holds for j = 0. So let j > and assume for j —1. Note that 
now (2j_i) to (6j_i) are vacuous, and so in proving (lj) to (6j) we shall only use 
(lj-i) and that we shall do without mentioning it explicitly; we shall also tacitly 
use the fact that MLj(F) = NL 3 (G) which in case of j > 1 follows from (9.5) 

( F) (G) 

and the relatedness of Pj_[ and Pj_[, and is obvious in case of j = 1 because 
Li(F) = N and I-i(G) = M. Since either int(F,F) < or int(G,F) < 0, upon 
letting c = mm(Oj(F),Oj(G)) we see that c is a rational number such that cv is 
an integer. So we may use the above Calculation, and then by (9.20) we see that 
aPQ'-bQP' G k and by (9.27) we see that a < and b < 0. If j < min(t(F), t(G)) 
then by (9.29)(i) we see that PQ has a multiple root and therefore by (9.25) and 
(9.30) we see that P = pf ] and Q = pf ] are related with Oj{F) = Oj(G); 
this proves (lj). If 0(F) — 0(G) and j = min(t(F), l(G)) then obviously j = 
L (F) = l(G) with 3 (F) = 6(F) = 6(G) = 3 (G) = 6(G) and hence by (9.10) 
we see that (M)int(F,F) = (N)int(G, Y); this proves (2^). If 6(F) < 6(G) and 
j = mm(i(F),t(G)) — l(G) then by (9.30) we see that P and Q are not related 
and hence by (9.25) and (9.29) (i,ii) we get j = i(F) and L(G) = 1; this proves 
(Sj). If 6(F) < 6(G) and j = min(i(F), i(G)) ± i(G) then j = l(F) < i(G) 
and by (9.28) (ii,v) we see that P and Q are not related and hence by (9.25) and 
(9.29)(ii,iii) we get j = t(F) = t(G) - 1 with 3 (F) = 3 (G) and L(G) = 1; this 
proves (4j). Interchanging F and G in the proof of (3j) and (4j) we get (5j) and 
(6,). 

Definition (9.32). Using (9.31), in (9.33) to (9.38) we shall show that, under 
certain condition, J(F, G) G fc((X)) implies that most branches of F and G can be 
partitioned into packets (F\, . . . , F r , Gi, . . . , G s ) whose members are pseudocog- 
nates of each other, i.e., their roots coincide upto the last characteristic term. To 
define these concepts more precisely, let us review some relevant terms. 

For any / G of F-degree n, the newtonian sequence of characteristic 
exponents of / relative to n, denoted by 



m(f) = TOj(/)o<»</,( m (/))+i 
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is defined on pages page 3-4 of | A A2 1 , where the GCD-sequence 

d(m(f)) = di(m(f)) <i<h(d( m (f)))+2 
of m(f) is also defined. For simplicity of notation we put 

Kf) = h(m(f)) = h(m(d(f))) and d(f) = d(m(/)) 

and 

fm M/) (/) ifM/)^0 



d(f) = d h{ f)(f)- and m(f) 
Note that then 



[-00 if/i(/) = 

4(/)+l(/) = 1 and m h(f)+1 (f) 



and 

do(/)=0 and m (f) = n = d 1 (f) 

and 

M/) = ^ /(X, F) = F d(/) = o #»(/) = -00. 

Also note that: 

(9.32.0) rnoc(/,/)=m(/)/n. 

For any c which is a rational number or 00 we define the c-position of / to be the 
unique nonnegative integer p(f, c) < Kf) such that uii(f) /n < c for 1 < i < p(f, c), 
and c < rrij(f)/n for p(f, c) < j < h(f). We also we define the quantities 

d(f, c) = dp(/, c )+i (/) and m(f, c) = m p(/iC)+1 (/) 

and 

{the minimal monic polynomial of 
E i <cnCoef x ( ?7 (X),i)X' over k((X»)) 
were is a root of /(I", F) in k((X)) 

where we call t(f,c) = t(f,c){X,Y) G RP' the c-normalized truncation of /. 
Note that then 

and 



d(f, c) = n/deg Y t(f, c) 



if either h(f) ^= with muf)[f)/n < c or h(f) = 0, 
then p(f, c) = h(f) with m(f, c) = 00 and c) = 1 



and 



f if Kf) ^ witn m Hf)(f)/n = c, 

[then p(/, c) = h(f) - 1 with m(f, c) = m(f) and d(f, c) = d(f). 

Let /' G i?,^ be of F-degree n' . We say that / is a cognate of /' if noc(/, /') = 
rh(f)/n — fh(f')/n'. We say that / is an overcognate of /' if h(f) ^ ^ h(f') 
with noc(/, /') > max(m(/)/rt, fh(f')/n'). We say that / is a subcognate of /' if 
m(f)/n < noc(/, /') = m(/')/n'. Note that: 

(9.32.1) if / is a cognate (resp: overcognate) of /' then /' is a cognate (resp: 
overcognate) of /; 

(9.32.2) if / is a cognate of /' then h{f) ^0^ h(f'); 

(9.32.3) if h(f) = = h{f) then / is an overcognate of /'; 

(9.32.4) if / is an overcognate of /' then m(f )/n — m(/')/n'; 
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(9.32.5) if / is a cognate or overcognate of /' then n = n' and h(f) = h(f') with 
m(/) = m(f') and d(f) — d(f') and d(f) = d(f'), and for any rational number c 
we have p(f, c) = p(f, c) with m(/, c) = m(/', c) and d{f, c) = d(f, c); 

(9.32.6) if h(f) + 1 = h(f') with noc(/, /') = m(f')/ri then / is a subcognate 
of /'; and 

(9.32.7) if / is a subcognate of/' then + l = h(f') and mi(f)/n = m^D/n' 
for 1 < i < h(f) with coefx(?7(X), m(f')n/n') = where r?(X) is a root of /(X", F) 
infc(W). 

Also note that if h(f') ^ and / is the <i(/')-th approximate root of /' in 
the sense of [A.b2 then / is a subcognate of /'; consequently we may think of a 
subcognate of /' as a last pseudoapproximate root of /'. Moreover, if either / 
is a cognate of /', or / is an overcognate of /', or / is a subcognate of /', or /' is a 
subcognate of /, then we may think of / and /' as being pseudocognates of each 
other. 

By an equilateral sequence in R? we mean a sequence (fi)i<i< r of members 
of R\ with integer r > 1, for which there exists a (necessarily unique) rational 
number c such that for all i ^ j in {1, . . . , r} we have noc(/i, fj) = c and for all 
i G {1, . . . , r} we have rnoc(/i, fi) < c; we call c the diameter of the sequence. 
By a cognate sequence in R? we mean an equilateral sequence {fi)i<i< r in 
such that for all i ^ j in {1, . . . , r} we have that fi is a cognate of fj. By an 
overcognate sequence in R^ we mean an equilateral sequence {fi)\<i< r in R^ 
such that for all i ^ j in {1, . . . , r} we have that fi is an overcognate of fj. By 
a subcognate sequence in R^ we mean an equilateral sequence (fi)i<i< r in 
for which there exists a unique i' in {1, . . . , r} such that for all j ' ^ i' in {1, . . . , r} 
we have that fa is a subcognate of fj and for all i ^ j in {1, . . . , r} \ {i 1 } we have 
that /i is a cognate of fj; we call fi> the special branch of the sequence. By an 
equicognate sequence in R? we mean an equilateral sequence in R^ which is 
either a cognate sequence in R^ or an overcognate sequence in R^ or a subcognate 
sequence m R\ 

Note that for an equicognate sequence (fi)i<i< r in with diameter c we have 
that: 

(9.32.8) if the sequence is cognate then for 1 < i < r we have 

d(fi, c) = d(fi) = d(h) and dx(fi) = diCfr); 

(9.32.9) if the sequence is overcognate then for 1 < i < r we have 

d(fi,c) = 1 and d 1 {f l ) = d 1 {f 1 ); 

(9.32.10) and if the sequence is subcognate and we have labelled the branches so 
that the special branch is f r then for 1 < i < r we have 

f 1 = d(f r , C) < d{fi, C ) = d(fi) = d(h) 

[and di(/ r ) = d 1 (f i )/d(f i ) = 4(/i)M/i). 

Let -F and G in i? be F-monic of F-degrees AT > and M > respectively. By a 
bisequence of (F, G) we mean a pair of families (Fj)j^j, (Gi)i^j> where J and J' 
are nonempty subsets of {1, ... , x(-F)} and {1, . . . , x(G)} respectively. This induces 
the sequence (fi)i<i< r in Rr where r = \J\ + \ J'\ and, upon letting ji < ■ ■ ■ < 
and l\ < ■ ■ ■ < l\ j/| be the increasing labellings of J and J' respectively, we have 
fi = Fj i for 1 < i < \J\ and f\j\+i — Gi i for 1 < i < \J'\. The bisequence is 
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said to be equilateral, equicognate if the induced sequence is respectively 
equilateral, equicognate. By the diameter of an equilateral bisequence we 
mean the diameter of the induced sequence. By the special branch of a subcognate 
bisequence we mean the special branch of the induced sequence. 

An equilateral bisequence (Fj)j e j, (Gi)i e ji of (F, G), whose diameter is c, is said 
to be saturated if: 

(9.32.11) there is no i E {1, . . . , x(F)} \ J such that either for some j G J we 
have noc(F, Fj) > c or for some I € J' we have noc(Fj, Gi) > c; 

(9.32.12) there is no i' G {1, . . . , x(G)} \ J' such that either for some j £ J we 
have noc(Gi> , Fj) > c or for some I £ J' we have noc(GV, G{) > c; 

(9.32.13) and for all j € J and I € J' we have noc(F J ; G) = c and noc(F, G{) = c. 
An equilateral bisequence (Fj)j £ j, (Gi)i & j> of (F, G), whose diameter is c, is said 

to be balanced if it is saturated and: 

(9.32.14) for all j G J and I G J' we have int(Fj, G) < and int(F, G;) < with 

int(f,G ; ) = NM K 
mt(Fj,G) MNj ' 

(9.32.15) and we have 

E j£j ^-,c) _ N 

An equilateral bisequence (Fj)j e j, (G;); e j' of (F, G) is said to be well-balanced 
if it is balanced and for it: 

(9.32.16) the degrees satisfy the equation 

(9.32.17) the intersection multiplicities satisfy the equation 

^int(F,-,G) = ^int(F,GO; 

(9.32.18) there exist unique negative rational numbers N' and M' with MN' — 
NM' such that for all j G J and I G J' we have Nj = N'mt(Fj,G) and M ; = 
M'int(F,G z ); and 

(9.32.19) upon letting E = max((Nj) jeJ , {Mi) leJ >) and D = mm(Nj) je j and 
D' = min(M;); 6 j/ we have that: 

(i) if D ^ E then there is a unique s G J such that A^ s |E with N s < E = Nj = Mi 
for all j E J \ {s} and ! e J', and 

(ii) if £>' 7^ F then there is a unique s' G J' such that M S /|F with M s - < E = 
Nj = Mi for all j G J and I E J' \ {s'}. 

Finally, by a packet of (F, G) we mean a balanced equicognate bisequence 
(Fj)jeJ'(Gl)leJ' OI (^G). Note that then a packet has properties (9.32.11) to 
(9.32.19), and its induced sequence has properties (9.32.8) to (9.32.10). In view of 
the last 3 references, (i) or (ii) occur exactly when the packet is subcognate with 
E / 1, and then F s or G s > is the special branch. In all other cases, i.e., if the packet 
is subcognate with E = 1, or the packet is cognate, or the packet is overcognate, 
then for all j G J and I E J' we have Nj = E = G; . 
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First Corollary (9.33). Let F and G in R be Y-monic of Y -degrees N > 
and M > respectively, and assume that J(F, G) E k((X)). Let y(X) g k((X)) be 
such that ovd x F(X v ,y(X)) < 0. Let 

c = (1 / 1 v)TKvti<i< N orc\x{y{X) - Zi(X)), 
I = {i ■■ 1 < i < N with ord x (y(X) - z t (X)) = cv}, 
J = {j ■ 1 < 3 < X{F) with Fj{X v , Zi{X)) = for some i E I}, 

and 

c! = (l/v)max 1 < e < M ord x (y(X) - w e (X)), 
< I' = {e : 1 < e < M with ord x (y(X) - w e (X)) = c'v} 
J' = {l:l<l< x(G) with Gi{X v ,w e {X)) = for some e E /'}. 

Then c is a rational number such that cv is an integer, and we have the following. 

(9.33.1) Ifc<d then \I(G)\ = 1. 

(9.33.2) Ifc = d then ovd x G(X v ,y(X)) < and 

ord x F(X»,y(X)) = N_ = Ej-gj^to-.c) 
ovd x G(X», y (X)) M Y,ieJ>d(Guc) 

(9.33.3) If c — d , and there exists e E I' such that for all i E I we have 
coei x (zi(X), cv) ^ coef x (w € (X),cv), then 

for all i E I and e E I' we have coef x (zi(X), cv) ^ coei x (w e (X), cv), 
for all i i' in I we have coef x (zi(X), cv) ^ coei x (zi'(X), cv), and 
for all e^e' in I' we have coei x (w e (X),cv) ^ coef x (w e >(X),cv). 

PROOF. Let c = cv and c' = c'v. Since ord x F(X v , y(X)) < 0, it follows that c 
is a rational number such that c is an integer. Let 

X = X v and Y = Y + y{X) 

and 

F = F(X, Y) = F(X, Y) and G = G(X, Y) = G(X, Y) . 

By the chain rule for jacobians we get J(F,G) E k((X)). Clearly mt(F,Y) = 
ovd x F(X v ,y(X)) and hence mt(F,Y) < 0. Moreover 6(F) = c and 0(G) = 
c'. Now by taking F,G for F,G in (9.31) we see that if 6(F) < 6(G) then 
L*(G, 6(F)) = 1. From this it follows that OYd x (y(X) - w e (X)) > c for at most 
one e in {1, ... , M}, which proves (9.33.1). 

Henceforth assume that c = d. Again by taking F, G for F, G in (9.31) we see 
that UNP(F)||UNP(G) and int(G,F) < with 

int(F,F) _ N _L(F) 
mt(G, Y) L(5)' 

Clearly int(G, Y) = ord x G(X v ', y(X)) and hence we get the first equality of (9.33.2). 
Also clearly 

L(F) = \I\=J2 c ) and = = E <Gi, c) 

jeJ leJ' 
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and hence we get the second equality of (9.33.2). Taking F, G, c, 1 for F, G, c, v in 
the above Calculation we have F = F{X,Y) = F(X,YX~) and G = G(X,Y) = 
G(X, YX C ). Clearly the members of the sets 

{coei x (zi(X),c) - coei x (y(X),c) : i e 1} 

and 

{coei x {w e (X),c) - coei x {y{X),c) : e G /'} 

are precisely the roots of P{Y) and Q(Y). Now assume that there exists e G 
I' such that for all i G I we have coefx(zi(X), cv) ^ coeix(w e (X),cv), Then 
coeix (w e7 c) — coefjf (y(X), c) belongs to the second set but not to the first set, and 
hence P and Q are not related. Therefore (9.33.3) follows from (9.25) and (9.27). 

Second Corollary (9.34). Let F and G in R be Y-monic of Y -degrees N > 
and M > respectively, and assume that J(F, G) G k{(X)). For an integer v with 
1 < v < x(G) let c — noc(F,G v ) and assume that int(F,G v ) < 0. Then c is a 
rational number such that cv is an integer, and upon letting 

J ={j : 1 < j < x(F) with noc(Fj,G v ) > c} 

and 

J' = {j ■ 1 < I < X(G) with noc(Gi,G v ) > c} 
we have that (Fj)j e j,(Gi)i e j' is a balanced equilateral bisequence of (F,G) with 
diameter c. In particular J ^ and v G J'. 

PROOF. Since mt(F, G v ) < 0, we must have c ^= oo. Therefore c is a rational 
number and upon letting c = cv we see that c is an integer. Clearly J ^ and 
w G J'. Also clearly, for every j £ J we have noc(i<j, G v ) = c. We can take e with 
1 < e < M such that G^X", tu e (X)) =0. Now by taking w e {X) for y(X) in (9.33.1) 
we see that rnoc(G„, G v ) < c and for all / ^ v in J' we have noc(G;, G„) = c. Wc 
can take A £ fc such that for 1 < i < N and 1 < e < M we have 

coefx (zipQjC) ^ coefx(w e pO, c). 

Henceforth let y(X) G fc(PO) be defined by putting 

= XX^ + Y / Coeix(w e (X),a)X a . 

Since noc(-F, G v ) — c, we get 

ordxF(jr,y(JO) - (i//M„)int(F,G„). 

Therefore ordjf F{X V , y(X) j) < 0. It follows that we are in the situation of (9.33) 
with c = c'. Consequently by (9.33.2) we see that ovdxG(X' / ,y(X)) < and 

m ord x F(X»,y(X)) _ N _ gjejjy^c) 

U orA x G(X»,y{X)) M ^ JeJI d(G,, c ) " 

Clearly eel' and for all i G J we have coefx(zi(A), cz/) 7^ coefx (w e (X), ci/). 
Therefore by (9.33.3) we see that (Fj)j^j, (G/)/ e j' is a saturated equilateral bise- 
quence of (F, G) with diameter c. In particular, for all? G / and e G /' we have 

y(X) = AX~ + ^coef x (z J (X),a)X a 
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and 

y(X) = \X~ + Y J coei x (w e (X),a)X a . 

Likewise, for all j G J and I G J' we have noc(F, G/) — c and noc(Fj, G) = c, and 
hence 

f oid x F(X v ,y{X)) = (i//M,)int(F,G,) 
(2) ^ and 

(ordxG(X-,y(X)) = (u/Nj)mt(Fj,G). 

By (1) and (2) we get (9.32.14) and (9.33.15), and hence our bisequence is balanced. 

Equicognate Lemma (9.35). Let F and G in R be Y-monic of Y -degrees 
N > and M > respectively. Then any balanced equicognate bisequence of (F, G) 
is well-balanced. 

PROOF. Let (Fj)j e j,(Gi)i e j> be a balanced equicognate bisequence of (F,G) 
with diameter c. By (9.32.8) to (9.32.10) there exists a unique positive integer B 
such that for all j G J and I G J' we have Nj = Bd(Fj , c) and Mi = Bd(Gi , c) . 
Hence by (9.32.15) we get 

By (9.32.14) there exist unique negative rational numbers TV' and M' with MN' = 
NM' such that for all j E J and I G J' we have AT,- = N'mt(Fj,G) and Mj = 
M'int(F, G;). Namely, to obtain the existence of M', fixing some j G J and letting 
M ' = jvinT(F J ,G) ' b y (9-32.14) we see that for all / G J' we have int( ffi Gi) = M'. By 
symmetry we get the existence of N' . The uniqueness follows in a similar manner. 
This proves (9.32.18). From this and the above display we see that 

]>>t(F„G)-]Tint(F,G). 

jeJ leJ' 

In view of (9.32.8) to (9.32.10), upon letting E = max((7V j ) jeJ , (M ; ) ie j>) and 
D = mm(Nj)j eJ and D' = min(M ; ) ;e j/, we have that: 

(i) if D j<= E then there is a unique s G J such that |E with N s < E = Nj = Mi 
for all j G J \ {s} and I G J', and 

(ii) MB' ^ E then there is a unique s' G J' such that M S ,\E with M s < < E = 
= Mi for all j G J and / G J' \ {«'}. 

Therefore the bisequence is well-balanced. 

Equilateral Lemma (9.36). Every equilateral sequence in is equicognate. 

PROOF. Let {fi)\<i<r be an equilateral sequence in R^ of diameter c, and let 
ni be the Y-degree of /j. By (9.32.0) we see that m(/j)/n, < c for 1 < i < r. If 
fh(fi)/rii — c for 1 < i < r then clearly the sequence is cognate. Assuming the 
contrary, after suitable relabelling we may henceforth suppose that m(/i)/ni < c. 
If fh{fi)/rn < c for 2 < i < r then clearly the sequence is overcognate, and if 
fh(fi)/rii = c for 2 < i < r then clearly the sequence is subcognate. Assuming the 
contrary, we must have r > 3 and after suitable relabelling we may henceforth also 
suppose that m(/2)/n 2 < c = m(/ 3 )/n 3 . Now both fi and / 2 are subconjugates of 
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fs, and hence by applying the coefficient equation of (9.32.7) to the pairs {fi,fz) 
and (/2, /3) we get noc(/i, fi) > c. This contradicts the fact that c is the diameter 
of our equilateral sequence. Thus our sequence is equicognate. 

First Packet Lemma (9.37). Let F and G in R be Y-monic of Y -degrees 
N > and M > respectively, and assume that J(F, G) G k((X)). Then we have 
the following. 

(9.37.1) If 1* is an integer with 1 < I* < X (G) and int(F, Gj*) < 0, then upon 
letting 

c = noc(F,Gf), 

< J = {j ■■ 1 < j < X(F) with noc^, Gj. ) > c}, 
J' = {j ■ 1 < I < X(G) with noc{G u Gi,) > c}, 

we have that c is a rational number such that cv is an integer and (Fj)j^j, (Gi)i e j> 
is a packet of (F,G) with diameter c, and hence in particular J ^ and I* e J' . 

(9.37.2) If j* is an integer with 1 < j* < x(F) and mt(Fj*,G) < 0, then upon 
letting 

c = noc(Fj* , G), 

< J = {j ■■ 1 < j < X(F) with noc(f> ,Fj)> c}, 

= {j ■ 1 < l < X(G) with noc(F r , G ; ) > c}, 
we have that c is a rational number such that cv is an integer and (Fj)j e j, (G;); e j/ 
is a packet of (F, G) with diameter c, and hence in particular j* e J and J' ^ 0. 

PROOF. (9.37.1) follows from (9.34) to (9.36). By symmetry, (9.37.2) follows 
from (9.37.1). 

Second Packet Lemma (9.38). Let F and G in R be Y-monic of Y -degrees 
N > and M > respectively, and assume that J(F, G) £ k((X)). Let J = { j : 1 < 
j < X (F) with mt{Fj,G) < 0} and j' = {j : 1 < I < X (G) with int(F,G ; ) < 0}. 
Then we have the following. 

(9.38.1) There exists a nonnegative integer r together with disjoint partitions 
J = H 1<i<J . J(i) and J = U 1<i<r J'(i) of J and J into pairwise disjoint nonempty 
subsets such that {Fj)j eJ ^,{Gi)i e jni) is a packet of (F, G) for 1 <i<r. Moreover 
these partitions are unique up to order. 

(9.38.2) Ifmt(F,G) ^ and for 1 < j < X (F) and 1 < I < X (G) we have 
mt(Fj,G) < and int(F, G ; ) < 0, then J ^ ^ j' and in the notation of (9.38.1) 
we have r > 0. 

PROOF. (9.38.1) follows from (9.37). (9.38.2) is obvious. 

Remark (9.39). Let F and G in R be y-monic of Y-degrees N > and M > 
respectively. To elucidate the hypotesis of (9.38.2), and in analogy with the notion 
of minint introduced in Section 1, we define the strict minimal intersection of 
F and G by putting 

sminint(_F, G) = min( u v ^ ek -2int(F — u, G — v). 

Now if int(F, G) = sminint^, G) ± then clearly the hypothesis of (9.38.2) is 
satisfied, i.e., int(i^, G) ^ and for 1 < j < x(F) an d 1 < I < x(G) we have 
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int(Fj,G) < and int(F, Gi) < 0, Continuing the discussion of Remark (2.4), let 
us say that the pair {F,G) is generic to mean that int(F, G) = sminint(i 7 ', G). 
By taking indeterminates U, V over R, we can consider intersection multiplici- 
ties in fc*((X))[F] where k* is an algebraic closure of k(U, V). Then, assuming 
GCD(F, G) = 1, we get 

Res Y (F -U,G-V) = e(U, V)X i + terms of X-degree > i 

where 

i = int(F -U,G-V) and ^ Q(U,V) E k[U, V] . 

It follows that 

mt{F -U,G-V) = sminint(F, G) 

and hence for any (it, v) 6 k 2 we have: 

(F — u,G — v) is generic <S=> 0(u, v) ^ 0. 

It can be shown that if (F,G) ^ m (/,<?) with /, g in k[X, Y] then the field degree 
[k(X, Y); k(f, g)] equals the intersection multiplicity int(F — U,G — V). More- 



over, if /, g is an automorphic pair, i.e., if k[f,g] = k[X, Y\, then by [Ab2| we 
see that F, G are irreducible over k((X)) and their roots coincide upto the last 
characteristic term, i.e., they are pseudocognates of each other in the sense of 
(9.32). This motivates (9.38) where we showed that, under certain condition, 
J(F,G) G k((X)) implies that most branches of F and G can be partitioned into 
packets (Fi, . . . , F r , G±, . . . , G s ) whose members are pseudocognates of each other. 
Thus (9.38) may be viewed as a small contribution to the jacobian problem. 

Section 10: Enhanced Newton Polygon 

To simplify the statement of Main Lemma (9.31), in the notation of Section 9, 
assuming N > 0, we let the ENP(F) = the Enhanced Newton Polygon of F to 
consist of the two sequences 

(Oi(F))i< <^ F ) and (P> )i<i< t (F)- 
By (9.5) it follows that 

(10.1) ENP(F) determines UNP(F). 

Assuming N > and M > 0, for < j < min(i(F), l(G)) we say that ENP^) and 
ENP(G) are j-step parallel, in symbols we write ENP(F)|| i ENP(G), if 

'MO a (F) =NO a {G), 
O l {F) = Oi{G) for 1 < i < j, and 
^and^ G) are related for 1 < i < j. 

Moreover, we say that ENP(i 7 ') and ENP(G) are parallel, in symbols we write 
ENP(F)||ENP(G), if 



l(F) = l(G) and ENP(F)|| t(F) ENP(G). 
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Likewise, we say that ENP(.F) is smaller than ENP(G), in symbols we write 
ENP(F) < ENP(G), if 

'0(F) < 0(G) with deg Y P^ = 1, and 
either i(F) = i(G) with ENP(F)|| t(F) _ 1 ENP(G) 

and MdegyP^I = Ndeg Y P( G \ 
or l(F) = t(G) - 1 with ENP(F)|| t(F) ENP(G). 

Finally, we say that ENP(.F) and ENP(G) arc pseudoparallel, in symbols we 
write ENP(F)|.|ENP(G), if either ENP(F)||ENP(G) or ENP(F) < ENP(G) or 
ENP(G) < ENP(F). By (9.5) it follows that 

'for < j < min(i(F), i(G)) we have: 
ENP(F)||jENP(G) 
<{=> UNP(F)||jUNP(G) and 

P^ and P^ are related for 1 < i < j 



(10.2) 



and 

!ENP(F)||ENP(G) 
^UNP(F)||UNP(G) and 
P^ F) and Pl G) are related for 1 < i < i(F) 

and 

'ENP(F) < ENP(G) 
(10.4) \ <=> UNP(F) < UNP(G) and 

/> (F) and Pf ] are related for 1 < i < i(G) - 1. 

Consequently, (9.31) may be restated in the following equivalent form: 

Main Proposition (10.5). Let F andG in R be of Y -degrees N > and M > 
respectively, and assume that J(F,G) G k((X)) and MOq(F) = NOo(G). Also as- 
sume that either int(F, Y) < or int(G, Y) < 0. Then ENP(F)|.|ENP(G). More- 
over, ifd(F) =3(G) then ENP (F)\\ ENP (G) and hence in particular (M)int(F,Y) 
= (JV)int(G.y) and ML(F) = NL(G). 

Remark (10.6). Let us define the average or postfinal root order of F by 

putting 

6(F) = (l/N)ord x F(X,0). 
Now the equation (M)mt(F, Y) = (N)mt(G,Y) in (9.10), (9.31) and (10,5) may 
be restated as saying O(F) = 0(G). We may postaugument the O-sequence by 
declaring that O l(F)+1 (F) = O(F) and noting that then: ENP (F)|| ENP (G) => 
UNP(F)||UNP(G) l(F) = l(G) and Oj(F) = Oj(G) for < j < i(F) + 1. 
Finally, we may close-up CNP(.F') by its (t(F) + l)-th line whose slope is O(F) 
and which joins the point (Ai(F), Li(F)) to the point point (A(F), L(F)), with 
the understanding that if O(F) — oo then this is the half-infinite horizontal line 
emanating from the point (A\(F), L\(F)) and going to infinity on the right. This 
(i(F) + l)-th line may be called the hypotenuse of CNP(F). 
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Remark (10.7). The whole game of the Newton Polygon may be redone by 
starting with the polynomial = P( F > C \Y) = mco x F(X v , YX CV ) G k[Y] and 

noting that 0\{F) < ■ ■ ■ < L (p)(F) are exactly those rational numbers c for which 
this is a true polynomial, i.e., has at least two terms. Now put Pj F ^ = p( F '°*) with 

Li(F) = degyP} and note that L i+ i(F) = ordyPj F \ Special adjustments have 
to be made if F(X, 0) = 0. 



Section 11: Concordance with Homology Rank 
and the Numbers of Milnor and Tjurina 



As we said in Section 3, the proof of Formula (3.3.2) follows from Dedekind's 
Theorem which says that (the ideal generated by) the derivative equals the conduc- 
tor times the different; see page 65 of [ Ab4] where it is paraphrased in the geometric 
aphorism: the discriminant locus is the union of the branch locus and the projection 
of the singular locus. Identity (4.8) may be thought of as a modified version of this, 
and may be codified in the algebraic aphorism: the affine derived size equals the 
modified affine conductor size plus the modified affine different size plus the degree 
minus one. Thus for any / G i?2 we call int(/, f Y ; A) and mt(fx, fy',A) the affine 
derived size of / and the modified affine conductor size of / respectively; in 
the algebraic aphorism we are calling (3(f;A) the modified affine different size 
of /. As abbreviations we put 

e(f; A) = int(/, fy;A) and fi(f; A) = int(/ x , fy, A) 

where these are nonnegative integers or infinity. Now (4.8) says that if / G R2 is 
y-monic of F-degree N > with gcd(/y, / — c; A) = 1 for all c G k then 

(11.1) e(f; A) = M/; A) + £(/; A) + (N - 1) 

where all the terms are nonnegative integers. By analogy, for any F G R we put 

e(F) = int (F, F Y ) and fi(F) = int (F x , F Y ) 

where these are integers or infinity and we call them the derived size of F and 
the modified conductor size of F respectively. For any / G R2 we put 

fi (f-A)= Yl mt{f x ,fy,Q) 

{QeA-.f Q (o,o)=o} 

and 

Hf;A)= mt[f x ,fy,Q) 

[QeA:f Q (0,0)^0} 

and call these the restricted conductor size of / and the corestricted con- 
ductor size of / and we note that then 

//(/; A) = Mo(/; A) + m(/; A) = ^ fx (f - A; A) 

Aefc 

where all these quantities are nonnegative integers or infinity. For any / G R2 we 
put 

p(f)=Ji(f;A)+0(f;A) 

and we call p(/) the rank of / and note that it is a nonnegative integer or infinity. 
Now a paraphrase of (11.1) says that if / is F-monic of F-degree N > with 
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gcd(/v, f — c;A) = 1 for all c G k then 
(H.2) e(f;A)=p (f)+p(f) + (N-l) 

where all the terms are nonnegative integers. For any F G R we put 

X(F) = X (F) - 1 

and call this the decreased branch number of F, and we note that it is an 
integer > — 1. For any / G i?2 we put 

x{f;A)= Y, 

{Qe-4:/ Q (o : o)=o} 

and 

x(f\V) = xifa) 

{Q£P:/q(0,0)=0} 

and call these the decreased afflne branch number of / and the decreased 
projective branch number of / respectively, and note that they are nonnegative 
integers or infinity. If / G i? 2 is F-monic of F-degree N > with gcd(/y, /— c; A) = 
1 for all c G k then by (3.3.3) we see that 

(H.3) p (f;A)+x(f;A) = 28(f;A) 

where all the terms are nonnegative integers, and hence by (4.10) we get 

(11.4) (N - 1)(N - 2) + x(f] V) = 25(f; V) + p(f) 

where all the terms are nonnegative integers. In view of the genus formula (5.3), 
by (11.4) we see that if / G i?2 is irreducible F-monic of F-degree N > with 
gcd(/r, / — c; A) — 1 for all c G k then 

(n.5) p(f) = Mf) + x(f;'P) 

and therefore in this situation our rank p(f) coincides with Abhyankar-Sathaye's 
rank r(f) introduced in their paper [ASa|. With the assumptions as in (11.5), as 
was pointed out in [ASa], in the complex case, p(f) coincides with the rank of the 
first homology group of /, i.e., of the point-set {(u,v) G C 2 : f(u,v) = 0}. 

Formula (3.3.3) can be paraphrased by saying that if F G i?o = k[[X, Y]] is 
fc-distinguished of F-degree N > with rad(F) = F then 

(11.6) p(F) + x(F) = 25(F) 

where all the terms are nonnegativ e in tegers. In the complex topological 
proof of (11.6) was given by Milnor Mil | , and p(F) is sometimes called the Milnor 
number of F. 

Continuing with F G Rq which is fc-distinguished of F-degree N > with 
rad(F) = F, and recalling that B(F) — Rq/(FRo), we define the nonnegative 
integer t(F) by putting 

t(F) — the length of the ideal in B(F) generated by the images of Fx and Fy 

and we call this the torsion size of F. It is easily seen that p(F) is the length 
of the ideal in Rq generated by Fx and Fy, and hence p(F) > t(F). In [ |Zar| 
it is shown that if F is irreducible in Rq then t(F) is the length of the torsion 
submodule of the module of differentials of B(F). In that paper, Zariski gives an 
interesting characterization of those irreducible F for which t(F) = 26(F). In the 
complex case, t(F) is sometimes called the Tjurina number of F. 
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Since in (3.3) we assumed F to be ^-distinguished, instead of quoting (3.3.3) 
in the above proof of (11-3) we should have really quoted (11.8.3) proved below. 
Note that, for any ideal / in Rq the k- vector-space dimension of Rq/I is denoted 
by [Rq/I : k], and we have the well-known implication: 

F, G in Ro where F is fc-distinguished 

(11.7) => int(F, G) = [Ro/(F, G)R : k] = int(G, F). 

Now let us prove the: 

Suplemented conductor-derivative formula (11.8). Let F G Ro be k- 

distinguished of Y -degree N > with rad(F) = F. Let H = H(X, Y) G Rq be such 
that H — UF where U = U(X,Y) G R a with U(0,0) ^ 0. Let V = V(X,Y) G R Q 
and W = W[X, Y) G R with V(0, 0) ^ ^ W(0, 0) be such that VH Y is k- 
distinguished of Y -degree N — I, WHx — if Hx — 0, and if Hx ^ then 
WHx = X a [Y b + ci(X)Y b ~ 1 + • • • + Cb(X)] with nonnegative integers a,b and 
elements ci(X), . . . ,Cb(X) in k[[X}] for which ci(0) = • • • = q,(0) = 0. (V and W 
exists by the Weierstrass Preparation Theorem). Then 

mt(H x ,VH Y ) = mt(F x ,F Y ) = int(F, F Y ) - N + 1 

(11.8.1) =int(H,VH Y ) -N+l 
and 

(11.8.2) mt(H, VH Y ) -N+l = int(F, F Y ) - N + 1 = 2.5(F) - y(F) + 1 
and 

(11.8.3) mt(WH Xl VH Y ) = mt{F x ,F Y ) = 25(F) - x(F) + 1 
where all the terms in the above three items are integers. 

PROOF. By taking (VH Y ,H) for (F, G) in (2.2) we see that 

mt{VH Y ,Hx) = mt(V H Y , H) -N + 1 + 0(VH Y ,H) 

where each term is an integer. By (3.1) we have (3(VH Y , H) — 0, and clearly 
mt(VH Y ,H x ) = mt{H x ,VH Y ) and mt(VH Y ,H) = int(H,VH Y ), and hence by 
the above display we get 

(1) mt(H x ,VH Y ) =mt{H,VH Y ) - N + 1 

where each term is an integer. By taking U = 1 in (1) we get the equation 

(2) int(Fjc,iV) = int(F, F Y ) - N + 1 

where each term is an integer. In view of (11.7), by the derivative formula H Y = 
U Y F + UF Y we see that 

(3) int(#, VH Y ) = mt(F, F Y ). 

In view of (11-7), by (1), (2), and (3) we get the equations 

(4) mt(WH x , VH Y ) = mt{H x ,VH Y ) = mt{F x ,F Y ) 



and the equations (11.8.1). By Dedekind's Theorem (see pages 65 and 150 of [ Ab4 |) 
we have 

(5) int(F, F Y )-N + l = 25{F) - y(F) + 1. 

By (3) and (5) we get (11.8.2). By (2), (4), and (5) we get (11.8.3). 



JACOBIAN PAIRS 



41 



References 

[Abl] S. S. Abhyankar, Algebraic Space Curves, Montreal Lecture Notes, 1971. 

[Ab2] S. S. Abhyankar, On the semigroup of a meromorphic curve, Part I, Proceedings of the 
International Symposium of Algebraic Geometry, Kyoto, 1977, pages 240-414. 

[Ab3] S. S. Abhyankar, Lectures On Expansion Techniques In Algebraic Geometry, Tata Institute 
of Fundamental Research, Bombay, 1977. 

[Ab4] S. S. Abhyankar, Algebraic Geometry For Scientists And Engineers, American Mathemat- 
ical Society, 1990. 

[Ab5] S. S. Abhyankar, Some remarks on the jacobian question, Proceedings of the Indian Acad- 
emy of Sciences (Mathematical Sciences), vol. 104 (1994), pages 515-542. 

[AA1] S. S. Abhyankar and A. Assi, Jacobian of meromorphic curves, Proceedings of the Indian 
Academy of Sciences (Mathematical Sciences), vol. 109 (1999), pages 117-163. 

[AA2] S. S. Abhyankar and A. Assi, Factoring the jacobian, Contemporary Mathematics, vol. 266 
(2000), pages 1-10. 

[ASa] S. S. Abhyankar and A. Sathaye, Uniqueness of plane embeddings of special curves, Pro- 
ceedings of the American Mathematical Society, vol. 124 (1996), pages 1061-1069. 

[Ass] A. Assi, Meromorphic plane curves, Mathematische Zcitschrift, vol. 230 (1999), pages 165- 
183. 

[Mil] J. Milnor, Singular Points of Complex Hyper surf aces, Princeton University Press, 1968. 
[Zar] O. Zariski, Characterization of plane algebroid curves whose module of differentials has 

maximum torsion, Proceedings of the National Academy of Sciences, vol. 56 (1966), pages 

781-786. 



